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ON THE CONVERGENCY OF A STEFFENSEN-TYPE
METHOD

ION PAVALOIU

1. In the paper [1I] LK. Argyros adopts for the divided difference of
the mapping f : X; — X5, where X; and X5 are Banach spaces, the
following definition:

Definition 1. One calls divided difference of the application f at the
points x,y,€ X1 a linear application [z,y; f] € L (X1, X2) which fulfils
the following conditions:

(a) [z,y; f1(y —2) = f (y) = f (2) for every z,y € D C Xy

(b) there exist the real constants l; > 0, lo > 0, 13 > 0, p € (0,1]
such that for every x,y,u € D the following inequality holds:

Iy ws f1 = T,y S < Dl = wll” + d2 flz = yllP + ls lu —y”

In [4] there are obtained refinements of Argyros results concerning the
secant method applied to the solution of the equation:

(1) flx)=0

where f: X7 — Xy
2. We shall study further down the convergence of Steffensen’s method
for the solution of equation (II), namely the convergence of the sequence
(n),>o generated by means of the following procedure:
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(2) xn+1:xn—[xn,g(xn);f]_lf(xn), xoexh TL:O,l,...,

where g : X1 — X is an operator having at least one fixed point which
coincides with the solution of equation ().

Obviously, the sequence (xy),~, can be generated by means of the
procedure (@) if at each iteration step there exists the mapping

[, g (20) /17"

For our purpose observe firstly that the following identities:
(3) Ty — [.’I’n, g (xn) ; f]_l f (xn) =
(4) =g(n) = [Tn,g (@) /17" £ (g (2n)) f (@n41)
= f(9(zn)) + [#n, 9 (@0) ; [l (@ns1 — g (zn))

+ ([9 (xn) s Tnt1s f1 = [0, 9 (20) s f]) (Tnt1 — g (zn))
hold for every n =0,1,...

Let zg € X7 be an element, and consider the nonnegative real num-
bers: B, eq, po,p € (0,1], o, 5,q > 1, 11,12 and I3, where

po = Ba(lyBP + 1oBP + 13BPaP || f (z)||P™Y)
and
eo = p"/ TV || (o) -
Denote r = max{B, 8} and suppose that S C D, where:

s={we Xl -l <

reQ
pé/(erqfl)(l_engq*l) }
The following theorem holds:
Theorem 1. If the constants B, g, po,p,a, B,q,1l1,l2,1l3, the mapping
f and g, and the initial element xo € X1, as well, fulfil the conditions:
(1) for every x,y € S there exists [x,y; f]™*, and H[x,y; f]_1H <B

)
(1) for every x € S, || f (g (@) < aflf (@)]";
(1) for every @ € 9, o — g ()]l < BI1f (@)

(IV) the divided difference of the mapping f fulfils the conditions (a)
and (b) specified in the definition given in Section 1;
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(V) e0 <1,
then the sequence (mn)nzo generated by the procedure ([2) is convergent,
and, if we denote T = lim x,,, then f () =0 and the following delimita-
tion holds:

T,p(()erq)
p(lj/(erq*l) (1—575”71 )

[ — || <

Proof. Consider z¢ € X for which the condition (V) is fulfilled. Taking
into account the condition (b) and the procedure (), from the identities
@) and (@) it results:

Bel/(pta—1)
21 = zol| < B f (z0)ll < =bgma= I (@0)|| < m>—7—
Po Po (1 €0 )

from which follows x1 € S.
Here was used the inequality:

Hg (xo) - xOH <p Hf (xO)H < p(l)/(p+q71;1z(1)_€g+q71)’

from which follows that g (zg) € S.
Now, considering the above results, we have:

1 @Ol < lllg (x0) , 21: £] = [0, 9 (20) 5 f1]| - |1 — g ()]
< B [LBP + 2B + 3B | £ (a0) [PV ] 1 (o) 7
= po || f (o) P

This inequality leads to:
1 -1 1 -1
o/ TN f (@) < p TV | f (o) P

or, using the notation 1 = p(l)/(p+q_1) I|f (z1)]:
ey < el
From this inequality follows that ||f (x1)] < ||f (x0)]| , and if
pr = Ba (LB + 1, BY + 3B | f (w)|P)

then p1 < po.
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Suppose now that the following properties hold:

(o) xp €S

(B) IS (p)ll < IIf (2p-2)II;

M <™ ep=p TV @)l p=1,2,0 0k
From (2)) for n = k we obtain:

(p+a)F
|2kt — oxl| < B f (2p)] < pé/(’;ikq,l) < pgf?pwfl)v

which leads to:

p+a  _(p+a) (P+a)*
H%+1-$0H§W<EO+EO + € +...+¢;
0
< TEQ
— pé/(zﬂrqfl) (1_€g+q71) ’
namely z;11 € S.

Here was used the inequality:

Tpl/(pﬂrl) T,a(p+q)k

lg (ze) = 2ell < BIF (2e)ll < = frmamry If (@)l < “rrtomesy»

from which follows immediately:

Hg (xk) - :EOH < p(l)/(erqfl;Ei_ngrqfl)’

that is, g (z1) € S.
As to || f (xg+1)| we have:

I @es)l < Bar (WBP + 2B + 1sa” BP || (o) [P0 ) |1£ (@) P

namely
1f ()]l < po IS () P79
which yields:

k+1
chil < EZH < E(()erq)
By virtue of the above proved results follows that the properties («)—(7y)

hold for every p € N.
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We prove further down that the sequence (z,),5, is a fundamental
sequence. Indeed, we have:

|Zn1s — Toll < |Znts — Tnas—1ll + [ Tnrs—1 — Tngs—2| + - + [ Taa1 — 2|
<B(If @)l + If @nt) | + -+ 1 f (@ngs—1)])

B (p+o)™ | _(p+o" (p+q)" et
7{)(1)/(%(1,1) <€0 + &y +...+¢

IN

- Ba(()p+q)"
— 1/(pt+a—1)
Po

<1 4oepta—l 4 Jpte)® =1 €(p+q)571_1>

< T/( +Bi§p+q)n 1
= — +q— b
py P (1_58 ! )

that is, for every s,n € N the following inequality holds:

By

p(l]/(erq—l) (1 _ 6JSJrq—l) ’

|Tnas — znl| <

from which, since g9 < 1, it results that the sequence (), is funda-

mental. Since X7 is a Banach space, there exists lim x, =z,
n—oo

and

Ba(()p+q)n
pé/(erqfl) (1_€g+qfl) ’

17— 2| <

which leads, for n =0, to z € S.

(p+o)"
0

From the inequality ¢, < ¢ , for n — oo, we obtain:

f(z) = lim f(zn) =0,

n—o0

and one sees that Z is the solution of the equation (). (]
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