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OBSERVATIONS CONCERNING SOME APPROXIMATION
METHODS FOR THE SOLUTIONS OF OPERATOR EQUATIONS
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1. INTRODUCTION

The purpose of this paper is to give some completions to some results,
recently appeared in the literature, concerning the convergence and the error
bounds of some methods for solving operatorial equations, when the Fréchet
derivatives or the divided differences of the operators are Holder continuous.

Let f : X — Y be an application, where X and Y are Banach spaces. We
shall define the divided difference of a certain order in the following way:
let u; € X i =1, n+ 1, where u; # u; for ¢ # j.

DEFINITION 1.1. [8]. The divided difference of the first order of the ap-
plication f at ug, us € X is an application [ug,us; f] € L(X,Y) which
verifies:

a) [uk, us; f] (us —ug) = f(us) — f (ug)
b) if f is Fréchet differentiable, at ug, then

[us, us; f] = f' (us) .
We suppose that there have been defined the applications
[Uk, Uk+15 -+ Uk+m—15 f] €L (Xm_l) Y) and
[uk+l)uk+27 <oy Uk+m; f] €L (Xm_17 Y) )
called the divided differences of the order m — 1, where k+m < n.

DEFINITION 1.2. [8]. The divided difference of the order m of the appli-
cation f in up, U1, ..., Ukrm € X, 1S an application

[Us Uy 1, - - - Upyms f] € L(X™,Y)
which verifies:

(a’) [uk,uk—i—l, coey Uk4ms f] (Uk+m - Uk:) = [Uk+1,uk+2, coey Uk4ms f]

- [Uk,ukﬂ, <oy Uk4m—1; f]

b’) if f is m time Fréchet differentiable at uy, then
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2. CONSIDERATIONS ON THE SECANT METHOD

For the approximation of the solution of the operator equation
(2.1) f2)=0
consider the iteration
(2.2)  Tpy1 =Ty — [Tp-1, Tn; f]_l f(zn), n=12,...,x9,71 € X,

It is known that if f satisfies certain conditions, then the sequence () n>0

given by (Z2) is well defined (there exists [2p_1,2n; f]* for n = 1,2,...)
and converges to a solution z* of equation ([2]) (see for example [2], [5], [8],
[10].

In the following we shall give some specifications concerning the results
obtained in [2]. Then we shall try to obtain conditions that ensure the
convergence of the sequence (x),,~, to a solution of (Z.II), and, moreover,
we shall determine a subset £ C X that contains this solution.

In paper [2], where the results obtained in [3] are generalized, the con-
vergence of process (2.2)) is studied under the assumptions that f is Fréchet
differentiable on a set D C X and the Fréchet derivative f’(-) satisfies a
Holder type condition on D : there exist ¢ € R, ¢ > 0 and p € (0, 1] such
that:

(2.3) [/ @) = W) <clle —yllP,  for every 2,y € D.

Let Hp (c,p) denote the set of all applications f’ for which (23] holds.

In [2], in addition to the conditions from Definition [[T] it is assumed that
the divided differences of the first order of f satisfy a Holder type condition,
namely there exist l;,lp 03 > 0, p = (0,1) such that for every z,y,z € D,
the inequality:

(2.4) 1,y 1=, 2 fll < e = 2117 + L2 flz = yll” + I lly — 27

holds.

This condition is useful when divided differences of the second order of f
are unbounded on D.

Let I, = max{le,l3}. If z* is a simple zero of equation (ZI]), then the
application f’(z*) € £(X,Y) has a bounded inverse.

From (Z4) and from the existence and boundness of [’ (2*)] " there ex-
ists € > 0 such that [z, y; f] has a bounded inverse for every z,y € U (2*,¢),
where U (z*,¢) = {z € X| ||z — 2*| < €}, namely the application B (z,y) =
[z, y; f]_1 is uniformly bounded on U (z*,¢).

In [2] the following theorem was proved:

THEOREM 2.1. Let D C X be an open set and f: X — Y. If:

i) x* € D is a simple solution of equation (2.1).
ii) there exists € >0 and b > 0 such that:

[z, y; 17| < b, for every z,y € U (a*,e);
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iii) there exists a convex set Dy and a real number e1, 0 < g1 < €, such
that:

() € Hy, (¢,p), for every x € Dy and U (z*,&1) C Dy;

1

iv) zo,71 € U (z*,7), where 0 < r < min{ey, [q (p)] »}
and

(2.5) ¢(p) =15 [2" (b +15) (1 +p) + ],

then the sequence given by [Z2) is well defined, and its elements belong
to U (x*,r). The sequence converges to the unique solution z* of (2.1I).
Moreover, the following estimation holds

(26)  llznser — 2| S v llzn-1 — 2P - lon — 2™ + 2 2 — 27

for n large enough where v, and o are given by

(2.7) Y1 =0b(h+15)2°

(2.8) 1= 2
The proof is based on the following two lemmas [2]

LEMMA 2.1. Let f: X — Y and D C X be an open set. If [ is Fréchet
differentiable on D and there exists a convexr set Dy C D such that f'(-) €
Hp, (¢c,p), then for any x,y € Dy the following inequality holds:

(2.9) 1f @) = f () = f' (@) (z = )| < 55 e —ylI"

LEMMA 2.2. If there exists divided differences |x,y; f] and inequality (24
is verified for all x,y,z € Dy, then the equality b) from Definition [T holds
for every x € Dy and the derivative [’ of f wverifies the relation f'(-) €

Hp, [2(l +12),p].
In the proof of Theorem [Z] the following inequality is obtained first
(2.10)  ||@ns1 — 2| < [M (r)]"T |z — 2*||,  where 0 < M (r) < 1.

from which it follows that the sequence (x),~ is convergent. In the fol-

lowing, by use of inequality (Z6]) obtained in [2], we shall prove that the

1 (1+4p) /2 .
2

order of convergence of the sequence given by (22 is t; = , 1.e.

it is the positive root of the equation:

(2.11) t?—t—p=0.

For this, besides the hypothesis of Theorem 2] we shall suppose that xg
and xq verify

a’) ||lz* — wol| < ado;
D) fla* — 1] < minfady', |2 — x|},

where 0 < dp < 1 and o = [¢ (p)] 7.
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Using Lemmas [2.1] and 2.2] and hypotheses of Theorem 2] from ([Z.2) we
obtain

(2.12) lzz — 2*|| < 7 llwo — 2*[IP er — &*|| + 2 [lzy — 277

from which, taking into account a’), b’) it follows

2
|zo — &*|| < ady (v +72d3 ™ )a?,

where
p(t1—1) _ nityedttY
(1 + oty op = e
that is,
% t2
(2.13) s — | < dy

Relations (2.12]) and (ZI3)) imply ||ze — z*|| < ||x1 — 2*]|.
Suppose that there exists n € N, n > 2, such that

n—1
(") ln-1 — 2" < adg
) |20 — 2*|| < min {ady , |[z,—1 —2*] }.
=~ 0> n

If we repeat the above reasoning and take into account (a”) and (b”) we
obtain

yntl t(t1—1) gt

zns1 —a*| < @' d (31 +edp ) <ady

because
t(tp—1)
o (i +ydy )

Moreover, it can be easily seen that

<1

[#n41 — 27| < [lon — 27|
So far, we have proved the following theorem.

THEOREM 2.2. Under the hypotheses of Theorem 211 and if xg and xy
1
verify a’) and b’), where o = (q(p)) » and 0 < dy < 1, then for every
neN, z, €U (z",a) and
1

n+
(2.13") |Zps1 — 2| <df ., n=0,1,...

One must notice that inequality ([2.137) gives a sharper error bound than

In the following we shall establish a result which ensures not only the
convergence of the sequences (x,),~, but also the existence of the solution
of equation (1)) in a determined subset of X.

In this respect, we observe that if [x,_1,2n; f
1,2,... then:

(214) Tp — [mn—laxn; f]_l f (mn) = Tp—1— [xn—hmn; f]_l f (mn—l)

]! exists for every n =
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and
(2.15)
f(@ns1) = (@n) + [Tn—1,20; ] (Tnt1 — 70) +
+ ([xnaxn-l-l; f] - [mn—laxm f]) (xn-i-l - xn) ) n=12...
hold.

Let a,B,dy € R, a >0, B> 0, dy € (0,1) and

S = {a; € X :||w — o < Lo }
0

where ¢; is the positive root of equation (ZIT]).
THEOREM 2.3. If the divided differences of the first order of the appli-
caiton f verify condition 24) for every x,y,z € S and
i) for every x,y € S, [z, y; f]_1 exists and H [z, v, f]_1 H <B
ii) the initial data xo,z1 € X and f verify the inequalities
(2.16)  [lz1 —xoll < B ado, ||f (zo)ll < ady  and |f (x1)] < ady
where

(2.17) o=—tm———
B P (li+la+l3)P
the equation 21) has at least one solution x* € S which is the limit
of the sequence (x,),,~, given by Z2) the order of the convergence
of this sequence and the error bound are given by
¢
12;%, n=12...

Proof. From (22), for n = 2 we have
22 = z1]| < BI|f (21)]| < Bady
This inequality, together with the first inequality from (2I6]), implies.

|2 — @o|| < |22 — 21| + |21 — 20|| < Bado (1 +d ") < 15102?91,
0

(2.18) |l — x,|| <

and so x9 € S.
Because zp € S, from (2.14]), (ZI5) and using (2.4]) we obtain:

2.19 F )|l < BP L aP T (1 + 1y + lsdl PYdT? < adll,
0 0 0

since

o BPY (I + Iy + 13df ") < P B (1) 44 +15) < 1.
Suppose
(2.20) 2 € S
(2.21) If (@)l < ad,  hold for i = 1,k.
Then

k_
Pwdy T

< Bady(1+ 0 + GO 44 df) < B
—%0

2_
2041 — 21| < Bado(1 + d§ ™" + di}
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that is, xx41 € S.
By the use of the same reasoning as for ([219]) we obtain
k+1

k-1 k-1
(2.22) |If (@rg)|| < Brtlgptl <ll _’_12_’_1?1 (t1—l)>dg1 (t1+p) < aodf)l

The above relations imply that (220) and (Z2ZI]) hold for every k € N.
Now notice that (mn)nzo is a Cauchy sequence, because

n+s—1 n+s—1 o
(223)  onss—aal € S Jaonp —awl < Ba Y di < Lo
. Tn+s Inll Th+1 TE|l S (0% 0 > 1—dt711(t171)7
k=n k=n 0

for any n,s € N, t; > 1 and dp € (0,1).
Let z* = lim x,. Then, taking s — oo in (223) we obtain

n—o0

Bad']
(2.24) Jo — aall < ey,
n=0,1,..., that is, the inequality ([2I]).
For n = 0 we obtain x* € S.
If £ — oo in [2Z22) then | f (z*)|| = 0, that is «*, is the solution of

equation (Z1). O

3. CONSIDERATIONS ON STEFFENSEN METHOD

It is well known that the order of convergence of the secant method
can be improved if the elements x,,_; and z,, form ([22) are related by an
application g : X — X, described in the following.

Consider the sequence (x,)n > 0 generated by

(3.1) Tt — T — [Ty g (20) 5[] (20), @0 € X,

where ¢ is an operator whose fixed points coincide with solutions of equa-

tions (Z1]).
Consider xg € X, the nonnegative real numbers B, g, pg, o, S and g > 1,
where

(32) o= Ba(uB? +h 1B o) [ (w70

(3.3) €0 = Pom 1f (zo)ll

the numbers [y, I3, I3 being given by condition (24]).

(3.4) S = {aj € X :|lx—mof < — =0 }7

pd T (1=eh )

where r = max{B, 0}
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Concerning the convergence of method (BI]), the following theorem holds:

THEOREM 3.1. If the real numbers B, €o,po, Po, P, @, B, q, l1, lo, I3
the applications f and g, and the element xq satisfy the conditions:
(i) for every x,y € S there exist [x,y; f]~* and H[az,y;f]_lH < B;
(ii) for every z € S, |[f(g(@))| < a|f (z)]%;
(iii) for every x € S, |l — g (z)| < BI|f ()|
(iv) the divided differences of the first order of the applications f verify
condition 2.4)) for every x,y,z € S;
(V) €0 <1,
then the sequence (x,), n >0 given by BI) is convergent and if z* =
lim x,,, then f(x*) = 0. Moreover, we have

n
re(()p+Q)

(3.5) [

P (1ef)

Proof. Let g € X be such that gy verifies condition (v). Using similar

relations to (2.I4]) and (2.I5]) and condition (Z4]), we obtain from (B.1))

1

BpPTa 1
lz1 = zoll < B+ [If (@) < =r—|If (z0)]| £ ——"= :
pén+q—1 pén+q—1 (1_58+q_1)

which means that ;1 € S.
In the above inequality we have admitted the relation g (xg) € S, which
is implied by (ii4).
From (ZI4), @I5), @), (i), (44) and (izi) we obtain:
1 ()l < lllg (o) s 215 ] = [0, g (o) 5 fIl [|#1 — g (wo)]]

< Ba (WB? + 1,7 + 3B || (w0) |V |1 (o) |

= po || f (zo)|IPT7.

From the above inequality there follows

o8 ol < (o8 0 o)l )

1

and if &1 = p§™~" || f (z1)]] then,

g1 < ebta.
It can be easily seen that ||f (z1)| < ||f (z0)]| and p1 < pg, where p; =
Ba [l BP + 1587 + I3BPaP || f (:131)||p(q_1)]. Suppose now that, for s = 1, k,

the following relations hold z, € S,||f (zo)| < [|f (zs—1)], €s < 5(()7’“1)5’

1
where g5 = pra=1 || f (z4)]].
Using these assumptions and proceeding as above we get

(erq)Ic
(3.6) kg1 — 2l < BIIf (z2)]| < =2
pd T
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(3.7) [#n41 = o £ ——"=° ;
péz+q—1 (1_58+q—1)

showing that xx41 € 5.
It is also easy to see that

(p+q)k
(3-8) g (zx) — mpl| < =2g—
poerqfl
whence
(3.9) g (k) — o] < ——"°

péﬂ—q—l (1_€g+q—l) ’

that is, g (z1) € S.
We obtain further

(3.10) I1f (sl < po [l (o) 17T,
whence

k+1 1
B11) e <e™ ™ when eppr =i IS (@re)ll-
From (B.0) it follows that, for every s,n € N,

BE(P+Q)n
(312) ”mn—i-s - xn” S 1 K
AT (1)

and by (v) the sequence (z,),,5( is fundamental, hence convergent. If 2* =
lim z,,, from BI2), for s — oo, we get (3.5]) and from ([B.II)) it follows that
n [e.9]

x* is a solution of (2.1]).
From (3.3), for n = 0 we have that z* € S. O

4. CONSIDERATIONS CONCERNING NEWTON’S METHOD

Consider the sequence given by Newton’s method,

-1
(4.1) Tni1 =Ty — [[(@0)] " [ (zn), n=0,1,...,00 € X
let S (zo,7) = {z € X|||z — ol <7}, where r € R, r > 0.
Concerning the convergence of this sequence we have the following theo-
rem.

THEOREM 4.1. If the application f is Fréchet differentiable on S (xg,7),
the Fréchet derivative f' satisfies [Z3)) for every x,y € S (xo,7) and the
following conditions hold:

(i) [ (w0)] ™" exists and || [f (x0)] " || < d;

(ii) erPd < 1;
1 1+
(iii) po = a? || f (xo)|| < 1, where o = Cfﬂ?p and = —1_gdrp,
(iv)
Bl (zo)l
ol o)l” <7

then,
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() xn € S (xo,r), for every 1 n eN,
jj) there exists 'y, = [f" (xn for every ne N and |I'y|| < ,
L 1— dcrp
_1 1
Gid) [l — @all < Ba”#pf "
(jv) the sequence (xy,),~( is convergent, and if x* = li_>m Ty then f (z*%) =
- n [e.9]
0 and
« 6 p (+P)n

Proof. By @I), for n = 1 we get 21 = zo — [ (x0)]”" f (20), and from
(@) [ler — zoll < d|[f (wo)|l < BIIf (zo)ll <7, that is, 1 € S (xo, 7).
By (Z3) and i) it follows

1" (z0)] " [ (@0) = f' (@1)] || < dellar — aolP < der? <1,

whence [f/ (21)] " exists and

1 [F @] ]| <

1—derP

From (23]) it follows

I1f ()l = || f (1) = f (z0) — f' (x0) (w1 — m0)|
< o flan — ol < L |1 f (wo) [P
and if
p1= a7 ||f (@)
then
< Pé+p, |z — 1] < /304—%,03”

If pi = a7 || f (z;)|| and
(a) x; € S (xo,7), 1=1,k,
(b) lein — aill < Ba” 20, i=T R,
() pi <pP' i =TE,

then we get by (a), 23] and (7)

H [f’ (mo)]_l [f’ (zg) — f (mo)] H <dc||lxp — zol]f < edr? < 1.
It follows that

I @] 7| < = = 8
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From (41) and from the above inequality we get that:

_1 _1 (e
|2ks1 — zill < BIIS ()] < Ba™7pyp < Ba™ 7 pl P

which by (b) implies

Bll.f (o)l
k1 —zoll < ToiiayE <7

that is, zx11 € S (zo, 7).
Using the assumptions of the theorem we get that

I1f (@ea) | = || f (@rer) = f (k) = F (@) (Tes1 — 2) |

< o5 @kt — g |[PT < a_%PZH,
whence
P41 < p(()Hp)kH.
For every m,n € N
6a7%p(()1+p)"

| Zman — 2ol < EECoL

which, together with pg < 1, show that (x,),~ is a Cauchy sequence. If

z* = lim x, then for m — oo in the above inequality, we get ([@2]), and

n—00
from

_ 1 n
1f ()] < @ 7 pl 7",

for n — oo, we get f (z*) =0. O
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