APPROXIMATION OF THE ROOTS OF EQUATIONS BY
AITKEN-STEFFENSEN-TYPE MONOTONIC SEQUENCES(')

I. PAVALOIU (?)

ABSTRACT. The aim of this paper is to study the conditions under which the
well-known Aitken-Steffensen method for solving equations leads to monotonic
sequences whose terms approximate (from the left and from the right) the root
of an equation. The convergence order and efficiency index of this method are
also studied in the general case and then in various particular cases.

1. INTRODUCTION

From a practical standpoint, in order to approximate the roots of equations
it is advantageous to use methods which lead to monotonic sequences. In this
paper we shall use a single iterative process to determine an increasing sequence
(n),>0 and a decreasing one (yy),,~, both converging to a root Z of the equation
f (z) = 0. Such a procedure has the advantage of allowing, at each iteration step,
an approximation error checking, i.e.

max{Z — Tp,Yn — T} < Yp — Tp.

As it is well known, such sequences can be generated by applying simultaneously
two methods, e.g. Newton’s method and the chord method. In the sequel we
shall show that, in conditions similar to those imposed to the above mentioned
methods, the Aitken-Steffensen method generates two sequences which fulfil the
above inequality.
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70 I. Pavaloiu: Approximation of the roots of equations

In Section 2] we give sufficient conditions for the general method of Aitken-
Steffensen (([L3]) below) to generate two monotonic sequences, both converging
to the solution Z of equation (I.I]) below. In this way some similar results obtained
in [4] are completed, and the proofs given in [5] are made simpler to a certain
extent.

In Section Bl we study some particular cases of the method (L3]), namely the
methods (1)) and (B3) below. In Section @ there is indicated a way to construct
the auxiliary functions g1, g2, or g, required by (L3)) or (B.I]), in relatively simple
conditions as the monotonicity and convexity of the function f. In Section [ the
convergence orders and the efficiency indices of the methods (L3 and (BI) are
studied, concluding that the method (B has a higher efficiency index. This
one is the same as that of Newton’s method, but is given conditions, the method
BI) as well as ([L3) and B3), provide in addition bilateral approximations for
the root of the equation ([I.T]).

So, let I = [a,b], a < b, be an interval of the real axis, and consider the
equation
(1.1) fz)=0
where f: I — R. Besides ([[LI), consider two more equations
(1.2) x—q (z) =0,
x—go(x) =0,

where g1,g90 : I — R.
The Aitken-Steffensen method consists in constructing the sequences
(92 (91(zn))) >0 and (g1 (5)),,>¢ by means of the following iterative process

(13) Tn+1 = g1 (xn) - [Ql(xnf)(,zéng()ﬂ?‘n)),ﬂ’ n = O, 1, P S _[,

where [u,v; f] stands for the first order divided difference of f on the points
u,v € I. We shall denote by [u,v,w; f] the second order divided difference of f
on u,v,w € I.

As it is well known [0, pp. 268-269], and will also be shown in Section [B] the
convergence order of the sequence (x,), -, generated by (3] is at least 2, but it
generally depends on the convergence orders of the sequences (yy),,o and (),
generated by Yni1 = 91 (Yn), Yo € I; Zny1 = 92 (2n), 20 € I; n = 0,1,... 2,

.
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Another advantage of the iteration method (3] is the following: if equation
(1) is given, then (as we shall see in Section M) we have at our disposal many
possibilities to construct the functions g; and go from equations (L2]). On the
other hand, hypotheses concerning the differentiability of f on the whole interval
I are not needed.

If g : I — R is a function, we shall adopt the following definitions concerning
the monotonicity and convexity of g:

Definition 1.1. The function g : I — R is said to be increasing (nondecreasing;
decreasing; nonincreasing) on I if for every z,y € I the relations [z,y; f] > 0(>
0; < 0; < 0) hold respectively.

Definition 1.2. The function g : I — R is conver (nonconcave; concave; non-
convez) on I if for every x,y,z € I the relations [x,y,z; f] > 0(> 0;< 0;< 0)
hold respectively.

2. CONVERGENCE OF THE AITKEN-STEFFENSEN METHOD

We shall adopt the following hypotheses concerning the functions f, ¢; and
92;
(a) f, g1, g2 are continuous on I;
(b) g1 is increasing on I;
(¢c) g2 is decreasing on I;
(d) equations (L) and (L2) have only one common root z €a, bl;
(e) for every z,y € I, the relation 0 < [z,y;¢1] < 1 holds.

Concerning the problem stated in Section [I the following theorem holds:
Theorem 2.1. Suppose that f, g1 and g2 fulfil conditions (a)—(e) and, in addi-
tion,

(i1) f is increasing and convex on I, and there exists f'(T);

(iiy) there ewists xo € I such that f (xo) <0 and g2 (g1 (z9)) € I.

Then the sequences (xn)nzo; (91 (xn))nzo, (92 (91 (zn)))n>0 generated by (L.3),
where g fulfils condition (ii1), have the following properties:

(j1) the sequences (z1),~q and (g1 (xn)),~o are increasing and bounded;

(ijj1) limz, = limg; (z,) = lim gs (g1 (2,,)) = &;
(V1) 70 < g1 (Tn) < Tpp1 T < g2 (g1 (20)), n=0,1,...,
and max{Z — Tn11,92 (g1 (¥n)) — T} < g2 (91 (Tn)) — Tnt1.

)

(ij1) the sequence (g2 (91 (zn))),>q s decreasing and bounded;
)
)
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Proof. Since f is increasing on I and f (zg) < 0, it follows that 2o < z. For = < y,
by (e) we get g1 (y) — g1 (z) < y — =, which, for y = Z, leads to z — g1 (z) < 0
if x < z and, analogously, + — g1 () > 0 if x > Z. By b) and zp < = we
obtain ¢1 (z9) < ¢1(Z), i.e. g1 (x9) < T, while from the above inequalities it
follows g < g1 (xp) . By (c) and g1 (zo) < T we get g2 (g1 (z0)) > g2 (Z), that is,
g2 (g1 (%)) > z. By (i1) and g1 (z9) < T we obtain f (g1 (zo)) < 0 which, together
with [g1 (z0),92 (91 (z0)); f] > 0 and (L3)), shows that z1 > g1 (z¢) .
It is easy to see that the following identities

M) )
(2.1) 91(%) ~ Gt @] = 92 (91 (%) — Gra) ao @)

(2.2) f(2)=F (@) + ey 11z —2) + 2,9, ] (2 = 2) (2 = y,)

hold for every z,y,z € I.
Since g2 (g1 (x0)) > Z, it follows that f (g2 (¢1 (x0))) > 0 and, using ([2.1]) and

(T3, we get z1 < g2(91 (x0)). If we put in Z2) 2z = z1, * = g1 (x0), ¥y =
g2 (g1 (z0)) , and take into account (L3]), we get

f(z1) = [91 (w0) , 92 (91 (w0)) s 215 f] (21 — g1 (20)) (w1 — g2 (91 (20))) ,

from which, considering the convexity of f and the inequalities 1 — g1 (zg) > 0
and x1 — g2 (g1 (x0)) < 0, one obtains f (z1) < 0, that is, z; < Z.
In this way we have obtained

(2.2) zo < g1 (w0) < 71 < T < g (g1 (20)) -

In order that the above reasoning may be repeated we still have to show that
x1 verifies the last condition of (ii;), namely g2 (g1 (1)) € I. Indeed, from xy <
x1 and (b) it follows g1 (zg) < g1 (z1), which, by (c), leads to g2 (g1 (z0)) >
g2 (g1 (z1)) . It remains to show that g2 (g1 (z¢)) > Z. Suppose that g2 (g1 (z9)) <
7, that is, g2 (91 (20)) < g2 (%), implying g1 (z¢) > #, which contradicts (2.27).

Consider x,, € I for which f (z,) < 0 and g2 (g1 (z,)) € I, n € N. Repeating
the above reasoning, we obtain the inequalities

(2.3) T < g1 (Tn) < Tpy1 < T < g2 (g1 (zn)), n=0,1,...,
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In this way conclusions (j1), (jj1) and (jvi) of Theorem [21] are proved. To
prove (jjji), denote | = limz,, l; = limg; (x,), lo = limgs (g1 (x,,)). We shall
show that | =11 =1y = T.

By ([23) and (a), we deduce:

1< ()<1<z<g2(g1(1));

but Iy = g1 (1), therefore [ = 1y; i.e. g1 (I) = [. From this relation and (L3), using
the fact that there exists f'(Z) and f is increasing, we get f(I) = 0, that is,
[ = z. Since ly = g2 (1) > &, it follows f (g2 (I)) > 0, while form (ZT]) it follows
that [ > go (1), which, together with [ < g5 (1), leads to [ = g2 (1) = Z. O

In can be shown analogously that the following theorems hold, too:

Theorem 2.2. Suppose that f, g1, go fulfil conditions (a)—(e), and in addition

(ia) f is increasing and concave on I, and there exists f'(T);
(iip) there exists xo € I for which f (xo) >0 and g2 (g1 (x0)) € I.

Then the sequences (Tn),>0, (91 (Tn))y>0, 92 (91 (Tn)),>0 generated by ([L3),
have the following properties:

(J2) (Tn)p<os (91 (¥n)),>o are decreasing and bounded;
(1i2) (92 (91 (xn))),>q is increasing and bounded;
(jij2) ima, = limg; (z,) = limgs (g1 (z)) = Z, and the following relations
hold

g2 (g1 () <ZT < xpy1 < g1 (xn) <y, n=0,1,...,

max{f — 92 (gl (wn)) y T+l — f} < Tpt1 — 92 (gl (‘Tn)) .

Theorem 2.3. Suppose that f, g1,92 fulfil conditions (a)—(e) and in addition

(i3) f is decreasing and convex on I, and there exists f'(T);
(i) there exists xo € I for which f (xo) <0 and g2 (g1 (x0)) € I.

Then the sequences (Tn),>q, (91 (Zn)) >0, (92 (91 (2n))),>0 generated by ([L3))
fulfil the conclusions of Theorem 2.2l
Theorem 2.4. Suppose that f, g1,92 fulfil conditions (a)—(e) and in addition

(i4) f is decreasing and concave on I, and there exists f'(T);
(iiy) there exists xo € I for which f (xo) >0 and g2 (g1 (x0)) € I.
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Then the sequences (21,50 (91 (5n)) 0+ (92 (91 (20)))s generated by (T3,
fulfil the conclusions of Theorem 211

3. PARTICULAR CASES

An interesting particular case of the procedure (L3]) is obtained taking
g1 (z) = x for every x € I. In this way one obtains Steffensen’s method, namely

(3.1) $n+1:$n—%, n=0,1,...,x9 €1,
where g stands for gs.

One observes easily that in this case hypotheses (a), (b), (d) and (e) are auto-
matically fulfilled by g1. For the study of the convergence of the sequence (azn)n20
generated by ([BI), we have to adopt the following hypotheses:

(a1) the functions f and g are continuous on [;
(by) the function ¢ is decreasing on [;
(c1) equations (L)) and = = g (z) have only one common root Z €]a, b|.

With these specifications, the theorems stated in Section [2] yield:

Corollary 3.1. Suppose that f and g fulfil conditions (a1)—(c1) and in addition
[ is increasing and convex on I; there exists f'(T), and the initial point xo in
BI) can be chosen such that f(z9) < 0 and g(xz¢) € I. Then the sequence
(n),>o 15 increasing and bounded, while the sequence (g (xr)),~o s decreasing
and bounded. Moreover, the relations T = lim x,, = lim g (2,,) and

x < g(zn);

x
g (wp) — oy

IN A

max{Z — x, g (x,) — T}
hold.

Corollary 3.2. Suppose that f and g fulfil conditions (a1)—(c1) and in addition
f is increasing and concave on I; there exists f'(Z), and x¢ from BI) can be
chosen such that f(xg) > 0 and g(xo) € I. Then (xy),~, s decreasing and
bounded, while (g (x,)),>q i increasing and bounded. Moreover, the following
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relations: T = limx, = limg (x,) and

hold.

Corollary 3.3. Suppose that f and g fulfil conditions (a1)—(c1) and in addition
[ is decreasing and convex on I; there exists f'(z), and zo from BI) can be
chosen such that f (xg) <0 and g (xo) € 1. Then (xy),~¢ and (g (x,)),>o verify
the conclusions of Corollary B.2l - -

Corollary 3.4. Suppose that f and g fulfil conditions (a1)—(c1) and in addition
f is decreasing and concave on I, there exists f'(Z) and xo from BI) can be
chosen such that f (xg) > 0 and g (xo9) € 1. Then (xy,),,~ and (g (zn)),~o verify
the conclusions of Corollary Bl ; B

Another interesting particular case is that in which f has the form:

(3.2) fla)=z—g(z)=0

In this case the iterative method (B1]) will have the form

(xn —9g (‘Tn))2
99 (xn)) =29 (zn) + a0’

(3.3) Tpal = Ty — n=0,1,...,x9 € I,

whose convergence follows easily by Corollaries B.IH3.4l The following results
simplify the conditions imposed to g and xg in [I]:

Corollary 3.5. Suppose that g is continuous, decreasing and convex on I; equa-
tion [B.2)) has a root T €la,b|, there exists ¢' (T), and xg € I can be chosen such
that xy < g(xo) and g(xo) € I. Then the sequences (x),~o and (g(xn)),>0
verify the conclusions of Corollary Bl B B

Corollary 3.6. Suppose that g is continuous, decreasing and concave on I, equa-
tion B2) has a root T €la, b, there exists ¢’ (Z), and xo € I can be chosen such
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that o > g(zo) and g(xo) € I. Then the sequences (Tn),>q and (g(zn)),>0
verify the conclusions of Corollary

The restriction imposed to f in Corollaries and B4 (f to be decreasing)
can no more be reached in this case, because in those corollaries the condition
on g to be decreasing is essential, and is easy to see that if g decreases the f is
increasing.

4. DETERMINATION OF AUXILIARY FUNCTIONS

In what follows we shall show that, under reasonable hypotheses concerning the
monotonicity and convexity of f, we have at our disposal various ways to choose
g1, g2 and g such that the hypotheses of the theorems and corollaries stated above
are verified.

1. Let us admit that f : [a,b] — R is differentiable on [a,b], and denote by
1’ (a) the right-hand derivative in a and by f7(b) the left-hand derivative in b; we
also admit that f is increasing and convex on [a,b]. Suppose that the equation
f(z) = 0 has a root T €|a,b]. Then we choose g1 (x) = x — f () /f' (b) and
g2 (x) =a— f(x)/f (a).

Since f is convex, if follows that f’ is increasing on [a, b, hence 0 < f/ (a) <
1 (z) < f'(b) for every x €]a, b[. In this case we have ¢} (z) = 1—f"(z) /f (b) >0
for every x €la,b[ and ¢4 (z) = 1—f'(z) /' (a) < 0 for every z €]a, b]. We choose
then a subinterval [«, 5] Cla,b| for which z € [«, 5]. If we suppose in addition
that there exists zg € [«, 5] for which f (z9) < 0 and g2 (91 (z0)) € [, §] then the
above constructed functions f, g1 and g9 verify the hypotheses of Theorem 211
It is easy to see that if we choose g1 () =z — A1 f () and g2 (x) =z — o f (2),
with A1, A2 € R, Ay > f/(b) and 0 < A2 < f'(a), then g; and g also verify the
hypotheses of Theorem 2]

2. If f is differentiable, decreasing and convex on [a,b], then g; and go can
be chosen as in case 1. If there exists zp € [a, (] such that f(x9) < 0 and
g2 (g1 (z0)) € [a, ], then the hypotheses of Theorem [Z3] are verified.

3. If f is differentiable, decreasing and concave on [a,b], then we may put
g1(x)=x— f(x)/f (a) and g2 (x) =z — f(x) /f' (b). If there exists z¢ € [«, f]
for which f (x¢) > 0 and g2 (g1 (z0)) € e, ], then f, g1 and g fulfil the conditions
of Theorem 2.4

4. If f is differentiable, increasing and concave on [a,b], then g; and go can
be chosen as in case 3. If there exists zg € [«, ] such that f(z9) > 0 and
g2 (g1 (zg)) € I, then f, gy and go verify the hypotheses of Theorem
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5. The function g appearing in Section [, Procedure (3.1]) can be chosen in the
following ways:

a) If f is differentiable, increasing and convex on [a,b], then we can choose
g(x)=x—f(z)/f (a),and if x( verifies f (x¢) < 0 and g (x¢) € [a, B], then the
hypotheses of Corollary Bl are verified; while if f is decreasing and convex and
there exists z¢ € [, ] for which f (z¢) < 0 and g (xg) € |o, 5], the hypotheses
of Corollary B3] are verified.

b) If f is differentiable, decreasing and concave on [a,b], we choose g (z) =
x—f(x) /f(b).If there exists x¢ € [a, ] such that f (z¢) > 0 and g (x0) € [, 5],
then the hypotheses of Corollary B4 are verified; while if f is increasing and
concave and there exists z¢ € [a,b] such that f (z¢) > 0 and g (z9) € [, 8], the
hypotheses of Corollary are verified.

5. CONVERGENCE ORDER AND EFFICIENCY INDEX

To fix the ideas, we shall consider hereafter, besides (LI]), another equation,
equivalent to (I.IJ), of the form

(5.1) x—h(x)=0

where h : I — R. We shall also consider a sequence (z,),~q, n € I, which,
together with h and f, verifies the properties:

(a) h(zy) € I for every n € N;
(b) (xn),>o and (h(xy)),~, are convergent and limz, = limh (z,) = z,
where 7 is the root of equation (LI);
(¢) [z,y; f] # 0 for every x,y € I;
(d) f is differentiable at x = z.
We shall adopt the following definition of the convergence order of the sequence
(wn)n>0 :

Definition 5.1. The sequence (r,),>q is said to have the convergence order
p € R with respect to h if there exists

In |h(z,) — T

In |z, — Z|

(5.2) a = lim

and o = p.
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If tpy1 = h(zy), n=0,1,..., the above definition reduces to the usual one

2, 3.
The following theorem holds:

Theorem 5.1. If h and f and (zy),q verify the properties (a)—(d), then the
necessary and sufficient condition for (azn)n20 to have the convergence order p €
R, p > 0, with respect to h is to exist

n|f (A (zn))|

(53) O =0T o))
and B = p.

Proof. Supposing (5.2)) or (53] to be true and taking into account (a)—(d), it
follows

n|h (z,) — 2| n | f (b (zn))| = [k (zn) , T; f]|

B T e Y S | Y Py ]
U ()| LS s ()]
In[f ()] 1= Bl In]f )|
The equality of these two limits proves the validity of the theorem. O

Consider now the functions g1, g2 appearing in equations ([L2) and let the
function h be given by

B ene)
(5.4) h(z) =91 (%) — Gr) gaton T

Concerning the convergence order of the sequence (z,),~, generated by (L3,
the following theorem holds: B

Theorem 5.2. Suppose that the functions f,g1 and go and the initial point xq
fulfil the conditions of Theorem 2L If there exists f" (%) and in addition the se-
quence (Zy,),~o has the convergence order p; with respect to gy, while (g1 (z1)),>0
has the convergence order ps with respect to go, then the sequence (@n) >0 has
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the convergence order py (pa + 1) with respect to the function h given by (5.4).

Proof. At first observe that, under the stated hypotheses, we may use (5.3) to
determine the convergence order. The same hypotheses also lead to

1o 1017 (91 ()

(5:5) W/ ()]

= P13

o 181F (02 1 ()
In]f (91 (a2)|

Using (2.1)), (22) and the procedure (L3), we obtain

_ . £1 flg1(zn))-f(g2(g1(2n)))
f (xn—i—l) - [gl (.Z'n) » g2 (gl (.’I'n)) » Ln+1; f] [91(x7l)7gz(gl(ﬂﬁn));f}2 ’

(5.6) = p2.

from which, by (5.5) and (5.6)), it follows easily the equality

In|f(h(zn))|

lim Tl f ()] =n1 (1 + p2) .

O

REMARK 5.1. Theorem remains valid if the hypotheses of Theorem 2.1l are
replaced by those of Theorems 2.2, 23], or 2241

An analogous theorem holds in the case of the procedure (L3, too.

Theorem 5.3. If f and g verify the hypotheses of Corollary Bl if there exists
" (), and in addition the sequence (), o generated by [B.I)) has the conver-
gence order p with respect to g, then this sequence has the convergence order p+1
with respect to the function h given by

N 1€2)

h(@) =2 = g

REMARK 5.2. Theorem remains valid if the hypotheses of Corollary B.1] are
replaced by those of Corollaries 3.2 B.3] or B4l

REMARK 5.3. Returning to the functions g; and g determined in Section [4]
(g == — f(z)/A g2 = o — f(x)/B, where A = f'(b),B = f'(a), or A =
1" (a), B = f"(b), according to the case under consideration), it is easy to see
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that the convergence order of the sequence generated by (L3]) is equal to 2.

In the case of the procedure (B1), for g () = z—f () /Aor g (z) =x—f (z) /B
(according to the considered situation), the convergence order is also equal to 2.

In the sequel we shall deal with the efficiency index of the iterative procedures
studied along the previous sections.

According to A. M. Ostrowski’s [3] definition for the efficiency index of an
iterative procedure, and taking into account Theorems [(.1] or (B3] for the
iterative procedures (L3]), B]), or (B3], the efficiency index is expressed as

E = pl/m

Here p is the convergence order of the sequence generated by one of these proce-
dures, while m stands for the number of values of functions to be computed at
each iteration step.

Taking into consideration Remark [5.3] it follows that, choosing g1, g2, or g as
in Section @], the efficiency index of the procedure (B.I)) is £ = +/2, while that of
B3) is E = V2.

From this standpoint, the procedure (3] has the efficiency index equal to that
of Newton’s method.

In the conditions of Theorem for the generalized procedure of Aitken-

Steffensen ([L3]), the efficiency index is given by E = {/p1 (p2 + 1). Analogously,
in the conditions of Theorem [B3] the efficiency index of the method (BI]) is

E=3p+1.

6. NUMERICAL EXAMPLES

1. Consider the equation
f(x):=2—2arctanz = 0,

for z € [%,3] . Since f is increasing and convex on [%,3] , we can choose g7 and
g2 as in the case 1 (Section []). We obtain

g1 (z) = 1 (10 arctan z — z);
1
5

g2 (x) = £ (26 arctan = — 8z).



Taking xg = %, the functions f, g1 and g9 verify the hypotheses of Theorem 2.1]

by Aitken-Steffensen-type monotonic sequences

81

on the interval [%, 3] . Applying the procedure (3], we get the following results:

n Ty 9 (xn) g2 (91 (xn)) / (xn)
0 1.50000000000000 2.08198430811832 2.50854785469606 —4.6-107°"
1 2.32357265230323  2.33006829103803  2.33195667567199 —5.1-107%
2 2.33112222668589 2.33112235050042 2.33112238618252 —9.9-10%8
3 2.33112237041442 2.33112237041442 2.33112238041442 —3.5-10717
2. Consider the equation
. —1
x) =1 — arcsin ———— =
for x € [-2,—1]. Observe that f is differentiable on [—2, —1], and the derivative
of f from the left on x = —1 is % The function f is increasing and convex
on [—2,—1], and we may take g (z) = %(m + 5arcsin 2?_21+1)>’ An elementary
€T

calculation shows that f(—2) < 0 and g¢(—2) € [—2,—1]; and therefore the
hypotheses of Corollary B are verified. The procedure (8.1]) leads to the following
results:

—7.853981 63397448 - 107!
—7.509 54227601746 - 10~ °*
—2.442 156 368 565 04 - 10~ %3
—6.025 515 505 460 58 - 10~ %8
—3.718 81345162528 - 10~ 17

Tn g (xn)

-2.000000000000000  -1.37420481033188
-1.406051288716128 -1.40401615840899
-1.404223647476550 -1.40422359726392
-1.404223602391970  -1.40422360239197
-1.404223602391970  -1.40422360239197

B W N = O3



82

(1]

I. Pavaloiu: Approximation of the roots of equations

REFERENCES

M. Balazs, A bilateral approximating method for finding the real roots of real equations, Rev. available soon,
Anal. Numér. Théor. Approx., (21), 2 (1992), 111-117. ¢ refresh and click here
V. Casulli, D. Trigiante, The convergence order for iterative multipoint procedures, Calcolo,

(13), 1 (1977), 25-44.

A. M. Ostrowski, Solution of Equations and Systems of Equations, (1960), Academic Press,

New York and London.

[. Pavaloiu, On the monotonicity of the sequences of approximations obtained by Steffensen’s|«+ clickable
method, Mathematica (Cluj), (35), (58), 1 (1993), 71-76.

I. Pavaloiu, Bilateral approzimations for the solutions of scalar equations,  Rev. Anal. . (jickable
Numér. Théor. Approx., (23), 1 (1994), 95-100.

F. J. Traub, Iterative Methods for the Solution of Equations, (1964), Prentice-Hall, Inc.

Englewood Cliffs, N.J.


http://www.ictp.acad.ro/pavaloiu/papers/1993-050 Pavaloiu - Mathematica - On the monotonicity of seq by Steffensen's meth.pdf
http://www.ictp.acad.ro/pavaloiu/papers/1994-051 Pavaloiu - ANTA - Bilateral approx for the sol of scalar eqs.pdf

	1. Introduction
	2. Convergence of the Aitken-Steffensen method
	3. Particular cases
	4. Determination of auxiliary functions
	5. Convergence order and efficiency index
	6. Numerical examples
	References

