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EXTENDED CONVERGENCE OF TWO-STEP ITERATIVE METHODS
FOR SOLVING EQUATIONS WITH APPLICATIONS

IOANNIS K. ARGYROS* and SANTOSH GEORGE'

Abstract. The convergence of two-step iterative methods of third and fourth
order of convergence are studied under weaker hypotheses than in earlier works
using our new idea of the restricted convergence region. This way, we obtain
a finer semilocal and local convergence analysis, and under the same or weaker
hypotheses. Hence, we extend the applicability of these methods in cases not
covered before. Numerical examples are used to compare our results favorably
to earlier ones.
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1. INTRODUCTION

Let B1,B> stand for Banach spaces and 2 C B; be a nonempty, convex and
open set. By LB(Bj, Bs) we denote the space of bounded linear operators
from B; to Bs.

There is a plethora of problems in various disciplines that can be written
using mathematical modeling like

(1) Flz)=0

where F': Q) — B, is differentiable in the sense of Fréchet. Therefore finding a
solution x, of equation (1) is of great importance and challenge [1, 2, 3, 4, 5,
6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. One wishes z. to be found
in closed form but this is done only in special cases. This is why, we resort to
iterative methods approximating x,. Numerous studies have been published
on the local as well as the semilocal convergence of iterative methods. Among
these methods is the single step Newton’s method defined by

(2) 20 € Q, zna1 = 2n — F'(2n-1)F (2n)
for each n =0,1,2,..., which is considered the most popular.
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Iterative methods converge under certain hypotheses. However, their con-
vergence region is small in general. Finding a more precise than ) set D
containing the iterates is very important, since the Lipschitz constants in D
will be at least as tight as in 2. This will in turn lead to a finer conver-
gence analysis of these methods. We pursue this goal in the present study by
studying the two-step fourth convergence order Newton’s method defined as

(3) 20 € N yp = xn— F'(z,) ' F(xy,)
Tn+l = Yn — F/(yn)_lF(yn)

as well as the two-step third order Traub method [20]

(4) T0 € N = an— F'(2,) ' F(a,)

Tt = Yo~ F (@) T F(gn)
The local as well as the semilocal convergence of method (3) and (4) is
carried out under the same set of hypotheses.
The layout of the rest of the article involves the semilocal and local con-
vergence of these methods in Section 2 and Section 3, respectively. Numerical
examples are given in Section 4.

2. SEMILOCAL CONVERGENCE ANALYSIS

We present first the semilocal convergence analysis for method (3). First,
we need to show an auxiliary result on majorizing sequences for method (3).
The proof is an extension of the corresponding one given by us in [8].

Let [ > 0,lp > 0 and 5 > 0 be given parameters. Define parameters v, sg
and t1 by

(5) Y= H\/#Tol’so =1, and &1 = so[l + 2(1ZOS 5)» for loso # 1,
and the scalar sequence t,, for each n=1,2,...by

lsO

to=0,t7 = So—i-

(1 loSo)’
_ I(tn—sn )2
Sn - tn + (1 lOt:) 9
U(sn—tn)?
(6) tny1 = Sp 2((81—zosi)'
LEMMA 1. Let > 0,1y > 0 and n > 0 be given parameters. Suppose that
to) It
(7) 0 < max {5, JSY <y <1~ lpsp.
Then, the sequence t,, is nondecreasing, bounded from above by t., = —

11—’
and converges to its unique least upper bound t. satisfying n < ti < tex.
Moreover, the following items hold for each n =1,2,...

(8) 0<tny1—s8pn < ’Y(Sn —_ tn) < 72n+177’

(9) 0<sy,—tp, < V(tn - Sn—l) < 72n77
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and
(10) tn < sp < tn+1-
Proof. Estimations (8)—(10) hold true, if

Usm—tm

(11) 0 < yimrtmh <,
l(tmt1—5m)

(12) 0< 2(1—7;%8“) <7

and

(13) 0 < tm < Sm < tmg1.

Estimations (11)-(13) hold true for m = 0, by (5)—(7). Suppose (11)-(13)
hold true for m =1,2,...,n.
By (8) and (9), we get

Smo < tm YN < st P I+
_A2m—+41
(14) < nt A= < =t
and
tmel < tm I <t P+
_~A2m+2
(15) < nte T = I < = e
Then, (11) shall hold, if
2m
(16) l;/_,anH»l S 7
2(1-lo(*F—=—n)
or
__2m41
(17) 5770+ oy <
or
(18) Ly 4 lo(l 4y 4 ...+ 7™ —1 < 0.

We are motivated by (18) to define recurrent polynomials f,,, defined on the
interval [0, 1) by

(19) fm@®) = L2 1 lo(L+t 4.+ 2™ — 1,
which satisfies

(20) () = fn(t) + p(£)12™ 1,

where, polynomial p is given by

(21) p(t) = lot® + (5 + 1)t — 1= (t + 1)(lot> + Lt — 1),
so p(7) = 0.

Notice, in particular from (20) that
(22) fr1(7) = fm(y) = lim fin(y) = foo(7)-
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Evidently by (21), (18) is true, if

(23) foo(7) €0
But
(24) fool7) = {22 —1

Then, by (19) and (24), we see that (23) is satisfied.
Similarly, to show (12), we must have

2 l,.YZm-',-l77 <

( 5) 2(1 l 1— 727’)::-0—277) 77

or

(26) P+ lo(l+y+... 49" —-1<0

leading to the definition of recurrent functions g,, defined on the interval [0, 1)
by
gm(t) = L™+ (L +t+ ...+ 2" )p — 1,
which satisfies
gm+1(t) = g () + p(OF"n,
so again
gm+1(7) = gm(7) == 1m g (7) = goo(7)
Item (26) holds, if

(27) 9o(7) 0.
But
(28) Joo (V) = 11077»]}, -1,

o (27) holds true by (7) and (28). Item (13) also holds true by (6),(11)
and (12). Hence, the induction for (11)—(13) is completed, and items (8)—
(10) hold for each n = 1,2,.... It follows from (13)-(15) that sequence ¢, is
nondecreasing, bounded from above by t., and as such it converges to t,. [

REMARK 2. It is worth noticing that if
lo?] < 1/2
then

l(tl—SO) l(SQ—to)
2(1—lot1) — 2(1—[080)

That is (7) holds, if
0< 2(1 = S <1l-=lm
or equivalently, if
(29) ha=ln<3,

where

(30) I = 3(1+4lo + V12 + 8lpl)
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Hence, (29) and (30) can replace (7) in Lemma 1 and in what follows from
now on. The sufficient convergence criterion (29) is similar to the correspond-
ing one for Newton’s method given by us in [10], if [ replaces ly. But 1 < Iy,
where 11 is the Lipschitz constant on €). Hence, the sufficient convergence
criteria for Newton’s method in [10] are also improved.

Let S(z,a) stand for the open ball in By with center z € By and of radius
a > 0. By S(z,a), we denote the closure of S(x,a).
The semilocal convergence of method (3) uses the conditions (A):

(al) F : Q C By — Bj is a continuously differentiable operator in the sense
of, Fréchet, and there exists x¢g € Q such that F'(x¢)~! € LB(Ba, By)
with |[F/(z0)~LF (z0)|| = 1

(a2) There exists [y > 0 such that for each x € Q

1F" (o) ™ (F () = F"(wo))I| < loll — woll-

Define Sy = QN S(azl,% — 1), where 1 = 29 — F'(x9) ' F(x¢), and
lon < 1 by (29) and (30).
(a3) There exists [ > 0 such that for each z,y € Sy

1F" (20) = (' (y) = F' (@) < |y — .
(a4) Hypotheses of Lemma 1 hold with (7) replaced by (29) and (30).

(ab) S(zo,ts) C 2, where t, is given in Lemma 1.
(a6) There exists t1 > ¢, such that lo(t, +tl) < 2.

Set S = QN S(wo,tl). Next, we can show the semilocal convergence result
for methos (3)

THEOREM 3. Assume that the conditions (A) hold. Then, z, C S(yo,% -

n),n =1,2... and converges to some x, which is the only solution of equation
F(z) =0 in the set S;.

Proof. We must prove using mathematical induction that

(31) ”xm-H - ymH < tm—i—l —Sm
and
(32) lym — Tm| < sm —tm

By (al) and (29), we have

lyo — ol = || F"(z0) " F(zo)|| <0 < 3 — .
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S0 T € S(yg,% —n), and (32) holds for » = 0. By method (3) for n = 0,
(al),(6) and (a2) we have in turn that

lz1 —woll = [I1F (o) "' [F(yo) — F(x0) — F'(x0)(yo — z0)]l|

1
| [ F o) (P oo+ mlwo = 20)) ~ F'(ao))dr(yn — a0)|
% o — o]

b (so—to)?

= t1—80<%—77

ININ

so 21 € S(yo, 15 —1)-
Then, by (a2), we have

(33) 1F (z0) " (F'(z1) — F'(20)|| < lol|z1 — 20| < lota < 1

so by (33) and the Banach lemma on invertible operators [17] F'(x1)~! €
LB(BQ,BI), and
(34) 1F" (1) T F (o) || <

1
17l0||mlfx0|\ '

In view of method (3) and (a3), we get
1F" (o) "M F (z1) || = | F'(20) " [F(21) — F(yo) — F' (o) (z1 — o)l

1
= | /0 F'(x0) " (F'(yo + 7(x1 — y0) — F'(30)))lld7 |1 — yol|

ollzy — yol® < L(t1 — s0)?

IN

lyr — 1|l = |[F' (z1) " F' (20)][F (o) ' F(1)]]|
< NF (@)~ F (o) [I[I[F (o)~ F ()]
< gl gy,
and

lyr = yoll < lly1 = @1l + 1 = yoll < s1—t1 + 41— 50 =51 — 80 < 1t — 1,

so (32) holds for m = 1 and y; € S(yo, % —n).
Using method (3) as above, we have

22—yl < 1 F'(yo) ™ F' (o) || F (o) " F' ()]
Uy —z1?
2(1=lollyr1—=oll)

W(s1=t1)? _
2(1-lps1) — b2 — S1

IN

and

22 = yoll < llza — w1l + lyr — yoll <tz —s1+ 81— 80 =ta — s0 < £ — 1,
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so (31) holds for m = 1 and x5 € S(yo, % —n).
Then, replace 1, y1,Z2 by Zm, Ym, Tm+1 to complete the induction for (31)
and (32). Moreover, we have
(35)
[zms1 = 2mll < 2ms1 = ymll +[ym = 2wl < g1 — S+ Sm =t = tmi1 — tm,
and
(36)
||£Um—l/0” < ||$m_ymfl||+||ymfl_y0|| S tm—Sm—1t+Sm—-1—50 < tm—50 < %_T]'
It then follows from (35), (36) and Lemma 1 that sequence ¢, is complete
in By, so there exists x, € g(yo, % —n) with limy,—e0 Ty = T4
Furthermore, by the second substep of method (3), we have

1F" (20) " F(zmsn)|| < §llzmsr = ymll < §(tmsr + sm)?,
so F(zy) = 0, by the continuity of F' and Lemma 1. The uniqueness of the
solution part is given in [10]. O
Next, we study the semilocal convergence of method (4) in an analogous
way.
REMARK 4. Let p1 be a cubic polynomial defined by
p1(t) = lots + ét2 + %t —1

We have p1(0) = —1 < 0 and p1(1) =1y > 0.

It follows by the intermediate value theorem that Py has at least one root in
(0,1).

But p)(t) = 3oty + It + % > 0, so p1 increasing, so pi(t) =0 has a unique
root in (0,1). Denote by § this root.

The following estimate is needed:

Iln l77(2+é77)
(37) O < 30-tm = 30 ton(119))

Evidently, (37) holds, if
0< 1+ (5—lon+%n*(lo+1)

Estimations (37) is true, if | > 2lg. Moreover, if | < 2ly, then %O(lo +D)t? +
(% —lp)t+1 =0, since it has two negative roots by the Descarte’s rule of signs,
0 (33) holds in this case too.

We need an auxiliary result on majorizing sequences for method (4) similar
to Lemma 1.
Define sequence t,, for each n =1,2,... by tg = 0,t; = n(1 + lon)

- I I(tn+5n—1—2tn—1)(tn—5n—
Sy = by, 4 WntSnos 1_70%11)(” )

— _ l 7n__n _ —
fuin = 50+ 4575 (5~ )
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LEMMA 5. Letlg > 0,1 >0 and n > 0 be positive parameters. Assume that

In(2+4m)
0 MCam  s o
(38) S At gy SO0 TN

Then, the conclusions of Lemma 1 hold with sequence t, defined by (38)
replacing sequence t,, given by (6).

Proof. As in Lemma 1, we must show

0 < l(gm_ﬂn) < (57

2T—lolm) =
1(tm4+1+8m—2tm)
(39) 0< Sicitey <0
and
0 < Em <sp < §m+1-
But
l(gmffm) l(t_m+l+§m*2£m)
0 < o0%0) S~ 20—lotorn)
and
1 1
0 < 1= < =i
Notice that
1Bm=tm) o Umt+1+8m—2tm)
0 < 30 T5tm) S ™ 2(1—lobmr1)
and
1 1
0 <105 = 1

so it suffices to show only (39), or

1_s2m+2  1_§2m
l( =5 1-9 )77 < 5
1—l0(1+...+(52m+1)7] —

or
fm(t) =2 Mt 42+ (L + ...+ 2" ) —1<0
But
fr1(8) = fm() + p1 ()" + 1),
SO

m—0o0
The rest follows as in Lemma 1 with £, = lim,_,ec t,, and t,, = 15,
Replace T, Ym, Ls, Lass thy tn, Sn DY Ty Y Ers Ers, Thy tny 5, hypotheses of
Lemma 1, method (3) by Lemma 5, method (4) respectively. Call the re-
sulting hypotheses (A). Then in an analogous to Theorem 3 way, we arrive
at:

THEOREM 6. Suppose that the conditions (A)’ hold. Then, the conclusions
of Theorem 3 hold but with method (4) replacing method (3).
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Proof. Notice that the only difference in the proof is that we use

|gim — T | < WnESmat=2mai) g 5 ),
|Zmt1 = G| = [ (F' (@) F (0)) (F (20) ™ F (i) || <
< (F" (@)~ F (o) 1 (F" (0) ™ F (5m)) |
1(8m—1tm)?
< Si—lotm)
instead of ,
l m—_tm
lemst = gl < ey
and ,
1(tm —Sm—
lym — omll < Srim=y,
respectively. O

3. LOCAL CONVERGENCE ANALYSIS

The local convergence analysis for both methods uses the hypotheses (H):

(hl) F:Q C By — B is differentiable in the sense of Fr’echet and there exist

z, € Q such that F'(z,)~! € LB(Bz, By) and F(z,) = 0.
(h2) There exists Lo > 0 such that for each = €

1F" (24) ~H(F' () = F'(z))I| < Lolle — ..

Set So = QN S(x, L%)

(h3) There exists L > 0 such that for each z,y € So
1F" ()T (F'(y) = F' ()]l < Llly — =]

(h4) S(zy, p) C 2, where

B HA = 2%%, if method (3) is used
P=Y R= if method (4) is used

4Lo+(1+V5)L’
(h5) There exists © > p such that Lor < 1.
Set S5 =QNS(x,, 7).
The proofs of the following two results are omitted, since they follow as the

corresponding ones for single step Newton’s method (2) given in [8, 10].

THEOREM 7. Under the hypotheses (H) starting from xg € S(xx, pa) — s
sequence x,, produced by method (3) converges to x, which is the only solution
of equation F(z) = 0 in the set S3. Moreover, the following items hold:

L||zn—z. >
(40) [y — 2|l < s i

and

L _ 2
(41) |Znt1 — | < gzl
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THEOREM 8. Under the hypotheses (H) starting from xo € S(xy, R) — s
sequence T, produced by method (4) converges to x, which is the only solution
of equation F(z) = 0 in the set S3. Moreover the following items hold:

Ll|zn—z. >
(42) 1y — 2|l < s

and

LQ2||zn =+ |[+|lyn—2+)
(43) [Yn+1 — 2l < =S50 o

Yn _33*H

LEMMA 9. The radius of convergence in [8, 10| for the single step Newton’s
method was given by

(44) fid = s7ros

where Ly is the Lipschitz constant on . Then, since sqg C ), we get
(45) L<IL

S0

(46) fa < pa

The error bounds are tighter too, since Ly is used in (40) and (41).

4. NUMERICAL EXAMPLES

EXAMPLE 10. Let By = By =R, Q@ = S(zp,1 —a), zp =1 and a € I =
[0,2). Define function f on Q by f(z) =23 — a.

Then, using hypotheses (al)-(a3), we get lp = 3 — a,l = %:50‘2) and
l1 = 2(2—a). Method (2) For o € Iy = [0.371269,0.5] has solutions under our

approach but no solutions according to Kantorovich, since hx = lin > % for
each o € [0,0.5]. Method (3) has no solution in [0, 0.5].

EXAMPLE 11. Let By = By = C|0, 1], where C[0,1] stands for the space of
continuous function on [0,1]. We shall use the mimum norm. Let Qo = {x €
cl0, 1 : o] < db.

Define operator G on Qg by

G(x)(s) = x(s) — gls) — b/ol K(s,t)z(t)%dt, = € C[0,1],5 € [0,1]

where g € C[0,1] is a given function, £ is a real constant and the kernel
K is the Green’s function. In this case, for each x € D*, F'(x) is a linear
operator defined on D* by the following expression: [F'(z)(v)](s) = v(s) —
3¢ fol K(s,t)x(t)?v(t)dt,v € C[0,1],s € [0,1] If we choose xo(s) = f(s) =1, it
follows ||[I — F'(z)|| < %. Thus, if |£] < %, f'(z0)~! is defined and
I1F' (o)™ < 53 [P @)l < hom = [ F'(20) " F(ao) | < 5556

Choosing € = 1.00 and x = 3, we have n = 0.2,T = 3.8,b = 2.6, L1 = 2.28,

and | =1.38154 ...
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Using this values we obtain that conditions (28)-(30) are not satisfied, since
the Kantorovich condition hig = lin < L gives hx = 0.76 > % but condition
(29) is satisfied since 0.485085 < % The convergence of the Newton’s method
follows by Theorem 3.

EXAMPLE 12. Let By = By = R3, Q = S(0,1),z* = (0,0,0)T and define G
on € by

(47) G(Zlf) = F(xtha 1'3) = (65131 - 17 %.’EQQ + x27x3)T'
For the points u = (Ul,UQ,Uf})T, the Fréchet derivative is given by
e 0 0
G'(u) = 0 (e—1ug+1 0
0 0 1

Then, G'(z*) = diag(1,1,1), we have Lo = e —1,L = eefll,Ll =e.
Then, we obtain that

pa = 0.3827, if method (3) is used
P R =0.3158, if method (4) is used.

EXAMPLE 13. Let By = By = C[0,1], the space of continuous functions
defined on [0, 1] and be equipped with the max norm. Let Q = S(0,1). Define
function G on Q by

(48) Go)a) = oa) 5 [ ho(0)d0
We have that

G (0(6))(x) = £(x) — 15 /0 " 200(0)%€(0)d0, for cach € € Q.

Then, we get that z* =0, Lo = 7.5, L = 15 = L. This way, we have that

[ pa=0.0667, if method (3) is used,
| R=0.0509, if method (4) is used.
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