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A STANCU TYPE EXTENSION
OF THE CHENEY-SHARMA CHLODOVSKY OPERATORS

EDUARD STEFAN GRIGORICIUC!*?

Abstract. In this paper we introduce a Stancu type extension of the Cheney-
Sharma Chlodovsky operators based on the ideas presented by Catinag and Buda,
Bostanci and Bagcanbaz-Tunca, respectively Séylemez and Tagdelen. For this
new operators we study some approximation and convexity properties and the
preservation of the Lipschitz constant and order. Finally, we study approxima-
tion properties of the new operators with the help of Korovkin type theorems.
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1. INTRODUCTION

In 1932, I. Chlodovsky (see [10] and [13]) introduced the classical Bernstein-
Chlodovsky polynomials as a generalization of Bernstein polynomials on un-
bounded set. For every n € N, f € ([0, 00) continuous and x € [0,00) the
polynomials C,, are defined by

S ) @) (1-2)" 0<a<a,
(1) Cn(fiz) = F0

f(z), x> Ay,

where (A\,)nen is a sequence of positive real numbers such that ILm Ap = 00
n (o]
and nlLHgO (An/m) = 0. This type of polynomials was recently used by Soylemez

and Tagdelen in [14] and [15] in the study of Cheney-Sharma Chlodovsky
operators.
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REMARK 1. Let u,v,8 € R. Then the Abel-Jensen equalities (see [1], [6] or
[14]) are given by the following formulae:

m

(2) (wt+v+mp)™ =3 (P)ulu+kB)* v+ (m k)" "

and -

(3) (u+v)(utv+mB)™ ! = i (Muu+ kB o[ + (m — k)B™ 1
for m,n € N. -

Based on the equalities presented above, Cheney and Sharma (see [9] and
[15]) introduced the following Bernstein type operators for every n € N, f €
C[0,1] continuous and z € [0, 1]:

DEFINITION 2. Let f € C[0,1], 2 € [0,1], n € N and 5 > 0. Then
e the operator P,f? 1s defined by

(4) (Pl f)(a ank )£ (%),

where
n—k

m (@ +kB)F~  1—z+(n—k)B
pg,k(‘r) = (k) (L,_nﬁ)n ] 5

respectively,
o the operator QP is defined by

(5) (Qaf) (@ qu (%),

where
n—k—1
m (@+kB)E~(1—z) | 1—z+(n—k)B

qu,k:(x) = (k) (1+£/3)n—1 ]

These two operators generalized the well-known Bernstein operator, given
by

2) = pus)f(£).
k=0

where py () = ()a™(1 — z)" ",

REMARK 3. It is important to mention that, more recent, the operators
PP and QP were also studied on different domains in higher dimensions. In
[4] and [5] the authors present some extension of the Cheney-Sharma type
operators on a triangle with straight sides, respectively with one curved side.
Other properties on such domains are studied in [7] and [8] in terms of iterates
of multivariate Cheney-Sharma type operators.
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Taking into account the operators defined by Cheney and Sharma and also
the idea introduced by Stancu in [16], Catinag and Buda defined in [6] the
Stancu type extension of the Cheney-Sharma operator of the first kind P, ,
by

(6) (L, | an @ [ =2)f(5) +af (B50)],

where pﬁ_

-k is taken as in formula (4). On the other hand, Bostanci and
Bagcanbaz-Tunca considered in [3] a Stancu type extension of the Cheney-

Sharma operator (of the second kind) @y, ,, given by

(7) (LG, f an @[ =) f (5) +ap ()],

where qf_r ;. is defined by (5). Hence, we have a extension of both operators

defined by Cheney and Sharma. It is important to mention that these two
operators are generalizations of the Stancu operator (see [16]) given by

(S f) (@ an k(@) (L= 2)f(5) +2f (52)],

where by, (x) = ("} T) F(1—a)"~ "% Indeed, if 8 = 0, then L}, = L%M =

Sn.r, since p%_rvk = qn—r,k = by—rk- On the other hand, if r = 0 then the
operators L?gm and Lgn _ reduces to the classical Cheney-Sharma operators

Pf , respectively Qﬁ defined above. For more details, one may consult also [3],
[6], [9], [15], [16] and [17].

2. THE STANCU TYPE EXTENSION OF THE CHENEY-SHARMA CHLODOVSKY
OPERATORS

In the second section of our paper we combine the ideas presented by
Bostanci and Bagcanbaz-Tunca in [3], respectively by Catinag and Buda in
[6], with the results presented by Soylemez and Tagdelen in [15]. Hence, we
construct a Stancu type extension of the Cheney-Sharma Chlodovsky opera-
tors and study its properties.

DEFINITION 4. Let n,k,r € N be such that n > 2r and let 5 > 0 be a
real number. Also, let (A\,) be a positive sequence such that le Ap = 00 and
n—oo
nh_}rgo()\n/n) = 0. For every x € [0, \,] we define

e the Stancu type extension of the first Cheney-Sharma Chlodovsky operator,
given by the formula
W)

(8 Pp(fiw) an @) [(1= ) F(EN) + 2 p (ke
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where
n—k

k—1
%(%—&-kﬁ) (1—%+(n—k),8)
P:Lk(fﬁ) = (Z) (I+nB)n—1
respectively,
e the Stancu type extension of the second Cheney-Sharma Chlodovsky oper-
ator, given by the formula

O Q) = S| ) () + (500
k=0

where
x x k-1 T T n—k—1
x g G tks) (1-50) (1= 3+ (n—k)8)
REMARK 5. It is not difficult to observe that

e ifr =0, then the operator Q;, . given by formula (9) reduces to the Cheney-
Sharma Chlodovsky operator G, defined by Séylemez and Tasdelen in [15],
as follows

(10) Gr(fiw) = > aru(@)f(EX),
k=0

for 0 < x < X\, and f(x) for x > N\, (see formula (1.5) in [15]), where
(A\n) is a positive sequence such that Jlim A, = oo and nh_}rr;o()\n/n) =0;

e on the other hand, for the particular case A\, = 1, we obtain the oper-
ators Lgm, respectively Lgm, considered by Catinas and Buda in [6],
respectively by Bostanci and Bascanbaz-Tunca in [3];

e finally, if r = 0 and A\, = 1, then the operators P, and Q;, . reduce to

the Cheney-Sharma operators PP and QP defined by Cheney and Sharma
in [9] (see also formulas (4) and (5) in the first section).

Notice that all the operators presented above are generalizations of the Bern-
stein operator B, from Definition 2. Moreover, some of them are Stancu type
extensions of the operator By, (see [17]).

Related to the operator G}, presented in formula (10) we have the following
expressions of the moments of G}, (cf. [15, Lemma 2.3]):

LEMMA 6 ([15, Lemma 2.3]). For every x € [0,\,] and for the operator
given by relation (10), we have that

G (ep;z) =1,
G (en;z) ==
and
Gr(e2;x) < a(x + 2XB) (1 + np) + 252 (nB)*(1 + np3)
+ x(x 4+ 2\, 08)nsB + az%(nﬁ)‘g + o,

n
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It is important to observe that following the ideas presented in the proof of
[15, Lemma 2.3], we can prove a similar result for the operator Q}, .

2.1. Properties of the operator Q; .. Taking into account the previous re-
sult (proved by Soylemez and Tagdelen in [15]) we can obtain similar properties
for the Stancu type extension of the Cheney-Sharma Chlodovsky operator Q, ,
as can be seen in the following two results. Notice that in the proofs of our
results we follow arguments similar to those for Lemma 2.3. in [15].

PROPOSITION 7. For every x € [0, \,] and n,r € N with n > 2r we have
i) @ (eo;z) =1
i) Q7 (e1:2) = .

Proof. Let x € [0,\,] and n,r € N be such that n > 2r. Next, we give
a complete proof of this result (for an arbitrary r € N) following the ideas
presented by Soylemez and Tagdelen in [15].

i) Taking into account that eg(z) =1 for all > 0, we have that

Q% (eo; @ anrk (1- £+ )

(") (k) (1= 30) (1= )5
- Z [EECEDY

)n—r—k—l

Ifwedenotebyu— U—l—/\—andm—n—r then

Q;,r(eosz) = [1+mp]'™ mz Ju(u + kB)*tolv + (m — k)g]m

k=0
=1+ mB ™1+ mpm ! =1,

in view of equality (3). Hence,

(1) Q5 (e0s) = 1.
ii) Next, let us consider e;(x) = z for all x > 0. Then
617 an rk {( )%An‘i‘ﬁkern

- fq;;_r,k(m) (Er,+ )
k=0

n—r n—r
= n;T n]ir A"q:*ﬁk(x) + .I% Z q:;fr,k (l‘)
k=0 k=0
n—r
= n;T n—r )\nq’;kl—’r‘,k‘(m) —+ x% Q:,’r(eo; x)
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nqn rk )+x%7

in view of relation (1 ) Let us denote by

n—r

Alw) = 2 5" Engs (@),
k=0
Then
Q;,,(ex;) = Ax) + 2%,
where
n—r
k=0
— k—1
[1—1—(n—’r 1 n—‘r?“n Z nkrll %(%+k6>

x(1-2)(1- £+ (@0 r—k)ﬁ)n e

If we replace k by k + 1, then we can write

n—r—1
Alz) =1+ (n— 7’)/3]17””% 3 (71—}:—1)ﬁ
k=0
X (% +(k+ l)ﬁ)k(l - 7) (1 — % t(n—r—k-— 1)6)n—r—k—2
and then
n—r—1 b1

Az) =1+ (n— 7B\, Z < +B+kﬁ>

x [1— (n—r)ﬁ](l - 7) (1 S (k- 1)B>n—k—r—2

n—r—1

n—r —n—+r xz (m—r—1
— o= 1+ (n—r)B "N, Z ("
=0

X (ﬁ+6+kﬁ) (1——)(1———l—(n—r—k—l)ﬁ)niki%l.

If, in relations (2) and (3), we consider u = + +8,v=1-+ and
m=mn—r—1, then

n—r—1 k—1

(14 B)[1+ (n =)= = 252 37 (I (& 4 54 kp)

k=0
(=) (1-g+m-r—k-18)"
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and
n—r—1

[1+(n—r)ﬁ]”—’"—1:% S (" )( +ﬁ+k5)k '

k=0
x (1= +m—r—k- 1)5)”7““.
Finally, A(x) reduces to
Ale) = |1+ B) 75 — (1- ) aoeg) = e

and we obtain that

Qnr(en;z) = A(z) + ;o
= nat b
(12) =z,
as desired.
O

REMARK 8. It is clear that if we consider r = 0 in the previous result, then
Proposition 7 reduces to Lemma 2.3. from [15].

LEMMA 9. For every x € [0,\,] and n,r € N with n > 2r we have
(13)

Q;kzr(€2§x> <

< g { [+ 2208 + A2 (n — )] [1+ 2(n — )] 4 B2t }x

Proof. From Definition 4 and Lemma 6 we know that

Qn,re2;7) =
=3 di@[(1- £) 8%+ 5 (5) 0
_an rk { Zxkr)\ _’_xr)\}

n—r
n- 2 k2 2 2 — k
- (nn;) Z q;;—ﬁk(m) (n—r)2 )‘n + T$£LT; 2 Z Q;kz—r,k<$) n—r’'\n
k=0 k=0
R iy
+ -'ET'nQAn Z qz—r,k(x)
k=0

= (";2’")2 G, (eg;m) + M:EG* (el; x) + ;—ix)\nG;,T(eo; x)
= CoD2Gr(ensa) + 27?1
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Simple computations lead to

Qn,re2;7) <

(n r)
and this completes the proof. O
PROPOSITION 10. For every f € C[0, \,], we have that

(14) 195, I < £

where || - || is the uniform norm on the space C[0, A,].

Proof. Taking into account the expression of the operator Q , given by
formula (9) and Proposition 7, we obtain that

90l =| S a1 )7 (50 + 57 (Km0
k=0

< fq:;_r,k(x)\ (1= £)7(Ex) + =7 (500)

< Z% w@[(1-3)

< I/l Z q:%_r,k(ﬂf)<1 4 %)
k=0

= 1£125.-(e0; )
=71
and this completes the proof. O

(hwn)] + 52

Based on the proofs of the results presented in [3, Theorem 3.2] and [14,
Theorem 2], we can prove the following result that provides the property of the
preservation of Lipschitz constant and order of a Lipschitz continuous function
by each operator Qj, .. Hence, let us denote by

Lipy (e, A) = {f € C(A) : |f(2) = f(y)| < Mz~ y|*,¥a,y € A, a € (0,1]},
where A C [0,00), M > 0 is a positive constant and 0 < a < 1.
THEOREM 11. If f € Lipy(a, [0, An]), then Q5 ,.(f;x) € Lipy(a, [0, An]).

Proof. Without loss of generality, let us consider z,y € [0, A,] be such that
y > x. Following similar ideas to those presented in the proofs of [3, Theorem
3.2] and [14, Theorem 2], we deduce that

Q. (fry) = an e @) [ (1= 52) £ (Ean) + 227 ()|
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- e 2 3 0 (k)
(et m-np]" (1)

X

[1 —xt+n-—r- m)ﬁr_r_m_l

(=R () s ()|

according to relations (3) and (9). Next, let us change the order of the sum-
mation and letting m — k = j in the previous relation. Then

n—rn—r—=k

Q;kz,r(f?y) [+(n 5]n At (n—rgn—r—1 Z Z (n— r(nk TJ %U')\xn

=0 o
* (% +’fﬁ)k_1%(% +38) " (1-)
x [(1= L+ (n—r—k—j)] ke
2150 - 2143

If we consider u =y —z, v =1—y and m = n —r — k in formula (3), then we
can obtain the expression of Q; .(f;z) as follows

e L 3 et () () (1)

cfa= g+ m-r—k=p8)" T (= 2 (Ea) + £ (5]

Finally, we deduce that
Q;kz,r(f; y) - Qz,r(f; i’) =

n—rn—r—=k

n—r z k=1 o fu—a NI~
= [l—i—(n—r%ﬁ]"ﬂ"—l Z Z (n— 7“( k— y)'k'j' An ()\n + kﬁ) y)\n (y)\n +]B)
k

e (o) - ()] () - (0]

Taking into account the hypothesis that f € Lip,;(«) and the assumption
that y > z, we obtain the inequality

Q0 (f39) = Qp(fi2)] <
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n—rn—r—=k (nr)! -1 o —x ) 7—1
—[1+n— B]"’T”; z% (n—r—k ]'k'J')\n<>\n+k6) %(%—i_]ﬁ)
0 J
n—r—k—j—1

< (1= L) [+ —r =k

A(8) (0]

() - (60 |

n—rn—r—=k

(n r)!

+ 55 f

that leads to

195, (f59) — Qi (fi2)] <
s ww«%%(n—rkw‘f(ﬁwﬁ) (1- 1)

oo - R () ()]

Using relation (3) after a suitable changing of the order of the summation and

considering the Holder inequality with p = E and ¢ = —a we obtain the
estimates
|Q:,r<f;y> - QZ,r(f@)‘ <
n—r k—1
k or\ (m-—r\y—z(y—z —x
< M{W;}(mﬁn)( (R Rs) (1-5)
y—z Gt 1 — n—r
1=+ (- - k)] }{m(nmkz_%(ﬂ

><

2 (k2 4 k5) (“T){l—ﬁﬂn—r—k)ﬁ}"”1}a

MI[Q;, (er;y — )" [Q5 - (e0; )]
M(y —x)%,
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according also to Proposition 7. Hence,
(o - Q. (fiz)] < My — 2|
and this completes the proof. O

Another important property that can be studied for the operator Qj ;. is
related to convexity. Based on the ideas presented in [2, Theorem 3] and [14,
Theorem 3], we obtain the following result:

PROPOSITION 12. If f is convex on [0, \,], then Q;, .(f;x) > f(x), for all
x € [0, \].

Proof. Based on relation (9) we have that

Q. r(fi2) = an e @[(1= ) F(Exn) + £ r (ke

where the coefﬁments qn_n . have the property that

M)

n—r
Z Gn—rp(®) = Qp (€05 2) = 1,

by Proposition 7. If we denote by t = = — and uy, = E)\n, then

Qnr(fs2) an e (@) [(1 = 1) f(ug) + tf (upyr)]

=(1-1) Z () f(wr) + ¢ a5 (@) f ()

k=0

(1-t)f ( Z Gy (T Uk) + tf<:§(:q;_r,k($)ukz+r>
> f ((1 - kgo o) + tngr,k(x)ukw)
= 13 Grmesl@) (1= ] ).
k=0

According to Proposition 7 we know that

> (@)1~ g+ turyr] = Q5 (er:0)

and then
Q. (fiw) > f(Qnr(er;2) = flz), 2 €[0,A)]
and this completes the proof. O

REMARK 13. In particular, if 1 = 0, then Proposition 12 reduces to [14,
Theorem 3] proved by Soylemez and Tasdelen.
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2.2. Korovkin type theorems for the operator Q.. Following the ideas
presented by Soylemez and Tagdelen in [15], we consider the following families
of functions:

By[0,00) = {f :[0,00) = R : |f(2)] < M(f)p(x)},
where M(f) > 0 is a constant that depends on f and p(z) = 1 + 22,
C,l0,00) = {f € B,[0,00) : f is continuous on [0,00)}

and

Ch10,00) = { f € Cyf0,00) : Jim L8 = k(f)},

where k(f) is a constant that depends on f. Also from [15] we know that

B,[0,00) is a normed linear space with the norm || f||, = sup {% cx >0}

In order to prove an approximation result for the operator Qj, ., we recall

two important results related to the weighted Korovkin type theorem (see [15,
Lemma 2.1] and [15, Theorem 2.2]; cf. [11] and [12]).

LEMMA 14 ([15, Lemma 2.1]). Let n > 1. Then a family of positive linear
operators (F,) act from C,[0,00) to B,[0,00) if and only if

|En(p; )| < p(2) K,
holds for x € [0,00) and K,, > 0 a positive constant.

THEOREM 15 ([15, Theorem 2.2]). Let (Fy,)n>1 be a family of linear opera-
tors acting from C,[0,00) to B,[0,00) such that

; Jeo) _ A d|| —
lim [[Fa(edsa) — /]|, =0,

for every j =0,1,2. Then for any function f € C;f [0,00) we have that
Jim || f = fll, =0,
where p(x) =1+ 22, for all z € [0,00).

Hence, according to the Korovkin type theorems presented above, we can
prove the following approximation results for the operator Qy .:

THEOREM 16. Let n,r € N be such that n > 2r and (\,), (Bn) be two se-
quences of positive numbers with the property that li_>m Ap = 00, li_>m (An/n) =
n o n o0

0 and nh_)nolo(nﬁn) = 0. Then for each f € C’g[(),oo) we have that
(15) Tim [1Q;,f — fll, 0.

where p(x) =1+ 22 for all x € [0, 00).
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Proof. In view of relations (9), (11) and (13) we obtain that
Qnr(piw) =

k=0

=S (1 ) 50 + 1 )

—r
= An—r\T 7Enizn A n22n
nZ* ()1+1 zk)\2+m(k+r)>\2
k=0

= Qp r(e0; )+ Q (€25 7)

n2

< 12 L 200 B4+ A2 — )] [L + 2 — )] + (2t )

and then
|Q;,T(P;x)| <(1+ x2)Kn,ra
where

2
=1+ (22) " [1 4 g 4 AEnBR00n] 49y — ) 2

)(A+4r
2(n—r

bo

%—H‘Q)\}

is a positive constant. Then, according to Lemma 14 we deduce that (Q;, )
is a family of linear operators between the spaces C,[0,00) and B,[0, c0).
Moreover, following the arguments presented in Proposition 7 and Lemma 9

we have that
lim [|Q; (ej;x) —a?|, =0, for j=0,1,2.
Hence, based on Theorem 15 we obtain that
Tim Q3 — £, = 0.
for all f € Cg [0,00) and this completes the proof.
THEOREM 17. For any function f € C[0,00) N E, we have that

uniformly on each compact subset of [0,00), where

E = {f :[0,00) = R: 1’1(?2 is convergent as x —» oo}

and QF

n,r

is given by (9).

Proof. Using Korovkin-type theorem (see, for example [1], [11] and [12]), it

is sufficient to prove that the operators Qj, ;. verify the conditions

lim Q5 (ejix) = a7,



116 E.S. Grigoriciuc 14

for j = 0,1,2 uniformly on each compact subset of [0,00). According to
Proposition 7 and Lemma 9 we deduce that the above conditions are satisfied
and this completes the proof. O

REMARK 18. Finally, it is important to mention that similar results can
be obtained also for the operator Py, defined by (8). Such extensions will
generalize the results proved by Catinas and Buda in [6].
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