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Abstract. In this paper, we present the innovative idea of “t-frames”, frames
produced by triple sequences within Hilbert spaces. The paper explores various
properties of these t-frames, delving into topics like frame operators, alternative
dual frames, and the stability inherent in t-frames.
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1. INTRODUCTION AND PRELIMINARIES

In functional analysis and related fields, the concept of frames provides a
generalized notion of basis, which allows for redundant and stable represen-
tations of elements in a Hilbert space. In a Hilbert space, a frame comprises
vectors that enable the representation of any space vector in a stable and
surplus fashion. In contrast to a basis, a frame permits multiple ways to rep-
resent a vector, offering redundancy that proves beneficial in fields like signal
processing and data compression. Frames find utility across mathematics and
engineering, impacting signal processing, image compression, and quantum
mechanics. They present a versatile and resilient method for analyzing and
representing signals or functions within a non-orthogonal basis.

Frames were introduced by Duffin and Schaeffer [10] with a focus on nonhar-
monic Fourier series, serving as an alternative to orthonormal or Riesz bases
within Hilbert spaces. Their paper elegantly presents a substantial portion
of the abstract framework for frames. Subsequently, Daubechies et al. [§]
extended frames to L?(R) using time-frequency or time-scale translated func-
tions, a development crucial in Gabor and wavelet analysis. The connections
between these developments are explored in explanatory discussions found in
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[7] and [12]. Grochenig’s work [11] extended frames to Banach spaces, pre-
senting a significant nontrivial advancement. For more recent research about
the frame theory, refer [1, 2, 3, 4, 5, 9, 18].

This paper presents a novel concept termed “t-frames,” denoting frames
generated by triple sequences within Hilbert spaces. Section 2 will present
the concept of t-frames along with their features. Section 3 and Section 4 will
then delve into the examination of alternate dual and stability of t-frames,
respectively.

Throughout this paper, the symbols ‘H and F represent an infinite dimen-
sional Hilbert space and a scalar field of real and complex numbers, respec-
tively. The sets N, R, and C denote the sets of natural, real, and complex
numbers, respectively.

Next, we will offer explanations and context related to the concept of frames
and triple sequences.

DEFINITION 1 ([6]). A sequence {xn},cn in a Hilbert space H is said to be
a frame for H if there exist positive constants \1 and Ay such that

(1) Mzl < 7 [, za) P < Dollzl?, €M
neN
The positive constants A1 and Ao are called the lower and upper frame bounds
respectively. If A1 = Aa, then {xn}, 45 said to be a tight frame and if
A1 =Xy =1, then {x,}, o 5 called Parseval frame.
A sequence {xp},cn satisfying the upper frame condition, i.e.,

> e a)l” < Aoz

neN
is called a Bessel sequence with Bessel bound .

In this setting, it is crucial to note that not every Bessel sequence within
a Hilbert space inherently meets the criteria for being a frame. Nevertheless,
it is feasible to convert these sequences into frames by introducing additional
elements or by selectively omitting elements from the sequence. In light of this
observation, Sharma et al. [21] have recently attempted to generate frames for
Hilbert spaces using Bessel sequences that do not originally serve as frames
for those specific spaces. In essence, they introduced the following definition.

. eN
DEFINITION 2 ([21]). Let H be a Hilbert space and {$n’i}?:1727---7mn be a
sequence in H, where {my,} be an increasing sequence of positive integers.

Then, {Tni}i=12,..m, s called an approzimative frame for H if there exist

ne
positive constants A1 and Ao such that

3Gy
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The positive constants A1 and Ao are called the lower and upper approzi-

mative frame bounds, respectively. If Ay = Ao, then {n i}, ;4 m,, 1S a tight
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approzimative frame and if Ay = Ao = 1, then it is called a Parseval ap-
proxzimative frame. A sequence {Ty;}i=1,2,..m, 5 said to be an approximative

yLyeeey

neN
Bessel sequence if right-hand side of inequality (2) is satisfied.

Now, we define a new generalization of frame with the help of triple se-
quences and named it as ¢-frame.

The concept of triple sequence and triple series builds upon the foundation
of single, double, or regular sequences and series. The function X : NxNxN —
R(C) serves as a means to characterize a triple sequence, whether it be real
or complex. The triple series, represented by the infinite sum Y @, is an

i,4,kEN
integral component of this extension. To define ¢-frames and e;tablish results
regarding the properties of t-frames and frame operators, we employ specific
definitions and concepts.

At first, Sahiner et al. [20] introduced and explored different ideas associ-
ated with triple sequences and their statistical convergence.

DEFINITION 3 ([20]). A triple sequence {mijk}ijkeN is said to be convergent
to | in the Pringsheim’s sense if for every € > 0 there exists N. € N such that
|ziji — I < € whenever i, j,k > N, where | is called the Pringsheim limit of
{$ijk}i,j,keN‘

A triple sequence {mij}z‘,jeN is said to be Cauchy sequence if for every e > 0
there exists Ne € N such that |Tpgr — Tij| < € for allp > i > Ne,qg > j >
Ne,r > k> N,.

The sequence of partial sums of triple sequence {xijk}i,j,keN is defined by

I,m,n
S = {Slmn}l,m,n€N7 where  Spn = Z Tijk,  for alll,m,n € N.
Z‘?j7k:1

Ifl lim  Spynn =1, then the triple series 3-; ; ren Tijk 1S said to be conver-
,M,N—>00 o

gent and vice versa. Also,

l,m,n
lim Slmn = lim Z LTijk = Z Tijk-
l,m,n—o00 l,m,n—o0 . “ e
l,],k:l 'L,],kGN

If no such limit exists then the triple series is divergent.

If every x;j is non-negative then ; ; ey @ijk is convergent if and only if
{Slmn}l,m,neN is bounded above. For the further information on triple se-
quence, refer to [13, 14, 15, 16, 17, 19].

2. t-FRAMES

In this section, we will present the idea of t-frames along with their charac-
teristics.
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DEFINITION 4. The triple sequence {JYZ‘jk}ij wen i H is said to be a t-frame
for H if there exist positive constants A\ and Ao such that

Il,m,n
(3) AMfjz)? < lim Z ](x,xijk>\2 < \o|lz||?,  forallz € H.
l,m,n—moijkzl

The constants A1 and Ao are called lower and upper t-frame bounds respec-
tively. If A\ = X, then {xijk}ij ey 18 called tight t-frame, and if Ay = Ay = 1,
then it is called Parseval t-frame.

A triple sequence frame, or t-frame, in a Hilbert space H can be particu-
larly useful in contexts where data or functions are naturally indexed by three
parameters. For example, this can occur in the study of functions of three vari-
ables, in multi-dimensional signal processing, or in quantum mechanics where
states can be parameterized in three dimensions. Extending the concept of
frames to triple sequences, can provide more flexibility and finer granularity in
analyzing multi-dimensional data or functions. The redundancy and stability
provided by t-frames ensure that even when data is incomplete or corrupted
by noise, meaningful reconstructions can still be achieved. The lower bound
A1 ensures that no information is lost, meaning the frame elements provide a
complete and stable representation of any vector in the Hilbert space. The
upper bound )y prevents excessive redundancy, which could otherwise lead to
inefficiencies or numerical instability.

In physical research, t-frames can be particularly useful in contexts involving
multi-dimensional data sets, such as [3, 4, 5]:

(1) Quantum Mechanics: In the study of quantum states, where the state
of a system might be described by a wave function depending on three
parameters (e.g., three spatial dimensions), t-frames can provide a way to
decompose and analyze these states.

(2) Signal Processing: In applications involving three-dimensional signals
(such as video signals where each frame is a 2D image evolving over time),
t-frames offer a means to analyze and reconstruct signals in a stable man-
ner, even in the presence of noise or incomplete data.

(3) Medical Imaging: Techniques such as MRI or CT scans produce data
that can be naturally represented as triple sequences, where 7 and j could
index the pixel coordinates in a slice and k£ could index the slice number.
Using t-frames in this context ensures stable reconstruction and analysis
of the medical images, leading to more accurate diagnostics.

Overall, the introduction of ¢-frames allows for the handling of more complex
and higher-dimensional data, ensuring stable representations and facilitating
advanced analysis techniques in various scientific and engineering fields.
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REMARK 5. A triple sequence {xijk}ijkeN in Hilbert space H is called t
Bessel sequence if it satisfies upper t-frame inequality i.e.,

l,m,n
lvmmmijzkj_l [z, ziji)|* < Xz, for all x € H.

REMARK 6. Let {yi}rey 95 a frame for Hilbert space H with lower and
upper frame bounds A1 and Ao, respectively. Then, we define a triple sequence

{wijr}; jken @8
—— =]
" 0, otherwise

which is a t-frame for H with the same bounds \1 and As.

Let {e;};cy be an orthonormal basis for H. Following examples vindicate
the Definition 4.

EXAMPLE 7. Define a sequence {xijk}i,j,keN by
Tiin = €k, i = ]

“ 0, otherwise.

Then {xijk}; ; pen s a Parseval t-frame for H.

We know that every Bessel sequence is not a frame always. One can con-
struct a triple sequence from a given Bessel sequence, which becomes a t-frame.

EXAMPLE 8. Given a sequence {x,} such that x,, = %, for all n € N.

Then, {x,} is a Bessel sequence but not a frame for H because it does not
satisfy the lower condition of frame. Define a sequence

{xijk}i,j,keN m H by
T111 = €1,

[&
T211 = X212 = T2 = T2 = 7%»

€,
T311 = T312 = X313 = 73,
€.
Tnpll = Tpl2 = Tpl13 = = Tnnn — \/nﬁ,

ik =0, foralli<jandi<k.

Then, {xijk}ijkeN is a Parseval t-frame.

EXAMPLE 9. Consider the Hilbert space H = L*([0,1]3), the space of square-
integrable functions on the unit cube [0,1]3. Define a triple sequence
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{ije}ijren in H by:
;% (u, v, w) = V2 sin(miu) sin(7jv) sin(rhw),

for (u,v,w) € [0,1]? and i,5,k € N.
To show that {ji}ijren forms a t-frame for H, we need to verify the
existence of positive constants A1 and Ay such that for all x € H,

l,m,n
Mllal? <) tim 3 [ < Aol
Y i,5,k=1

For a function x € L*([0,1]®), the inner product (z, ;1) is given by:

1,1 gl
(x,ajijk>:/0 /0 /0 z(u, v, w)V2sin(mwiu) sin(mjv) sin(rkw) du dv dw.

The sequence {1 }i jken can be seen as an extension of the trigonometric
system to three dimensions, analogous to the Fourier basis. In this case, the
Parseval’s identity for the trigonometric system ensures that:

(e 9]

> Hzayn)? = |zl

,5,k=1

Thus, for this triple sequence, we can choose \y = Ao = 1, showing that
{@iji}ijkeoo is a Parseval t-frame for L*([0,1]%). This example demonstrates
the practical application of t-frames in representing and analyzing functions
in a three-dimenstonal domain.

EXAMPLE 10. Consider a Hilbert space H and a triple sequence {x;j }i j ken
in H that satisfies the t-frame condition. An example might be found in image
processing, where x;j, represents pizel values in a three-dimensional structure
(e.g., a sequence of color images over time). Fach pizel’s value could depend
on its position in the 2D image grid (indexed by i and j) and the time or
sequence number k.

If \i = 0.5 and Ay = 1.5, the triple sequence {x;ji} forms a t-frame if for
any image x in H, the inequality

l,m,n
. 2
05]* < lim % [(z,2)[" < 15|l
OO k=1

holds. This ensures that the sequence {x;j;} provides a stable and reliable
representation of any image x in the space.

EXAMPLE 11. The sequence {xy},cy such that x, = e, + epy1 + eny2, for
alln € N is a Bessel sequence for H, but not a frame for H. Define a sequence
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{Zijh}; j e i H by
eit+ejteg, i=j=kori=j+1k=7+2
orj=1+1,k=14+2
ori=k+1,j=k+2
0, otherwise

Tijk =

which is a t-frame for H with lower and upper t-frame bounds Ay = 9 and
Ao = 27 respectively.

For the rest part of this paper, we define the space as

Im,n

2 _ ) : 2

(N x N x N) = {{aijr}; ; pen © dijk € F, 7m171nrgoo | ;1 laiji|” < o0
17]7 =

Then /2(N x N x N) is a Hilbert space with the norm induced by the inner
product which is given by

I,m,n

<{aijk}i,j,keNv{ﬁijk}iyjykeN>:l lim > B

m,n—oo ,
. 1,5,k=1

for all {aijk}i,j,keN s {Bijk}i,j,kGN S [2(N X N x N)
Let {xi1}, J keN be a t-Bessel sequence. Define operator K : [2(NxNxN) —
H as

I,mmn
. 2
K ({O‘ijk’}z‘,j,keN> = lmlznioo E Qi Tk, for all {O‘ijk}i,j,keN € (N x N xN).
Y 1,5,k=1

If {@iji}; ; pen is @ t-frame then operator K is called pre t-frame (synthesis)
operator and the adjoint operator K* of K is called analysis operator for t-
frame.

THEOREM 12. A triple sequence {xijk}ijkeN i H is a t-Bessel sequence
with t-Bessel bound \o if and only if the operator K is linear, well defined and
bounded with ||KC|| < v Xa.

Proof. From the definition of IC, it is obvious that K is linear.
Let {O‘iﬂf}ijkeN € ’(NxNxN). For any I,m,n,l',m’,n’ € Nwith [ > I',m >
m/,n > n’, we have

l,m,n ' m'n'
D urtie — Y, ki) =
1,7,k=1 1,5,k=1
Im,n I'm'n'
= sup (’< Z QijkTijk — Z Oéijkﬂ?ijk,y>’>
llyll=1 i,5,k=1 ij,k=1

l,m,n l’,m’,n'
< sup < Z Oéijk<£vz‘jk,y>'+ Z az‘jk<$z‘jk,y>‘)
i k=1

lyll=1 N\ j k=1
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2\ 1/2 , I,m,n 2. 1/2
Qijk ) ( Z <=Tijkay> )

lm,n
(3

lyll=1 NNy g k=1 ijik=1
'm'n' 2, 1/2 ,U';m'n/ 2\ 1/2
i,4,k=1 i,j=1
m,n 2, 1/2 I'm'mn’ 2\ 1/2
<8q7"t)\2<< > ek ) +< > i ) >,
i,j,k:l Z,],kzl
l,m,n

implies that lim Y. kT exists. Hence, K is well defined.
l,m,n—o0 i,5,k=1

Further,

Jie (taseispen)]| = sup |06 ({0 pan) )

[lzf|=1

l,m,n
= sup lim < Z aijkwijk,a?>

lzl|l=1 l,m,n—00

ivjvkzl

l,m,n 1/2
<V i il
< 2 l7m71711r_1>00 ijzkjl ‘awk‘

This implies that HIC <{O‘ijk}i,j,keN) H <V

hence K is bounded operator with ||| < v/As.
Conversely, for any = € ‘H, we have

l,m,n
<$,K({aijk}i,j,keN)> — <x, lim Z Oéz‘jk:ﬂﬂz’jk>

l —
T k=1

|,

{aijk}i,j,k;eN>

l,m,n

= lim Z Qijk <l‘,l‘ijk>

l —
IO k=1

= <{<x7 5Uijk>}i7j7k€N , {O‘ijkz}i,j,kGN> .

Hence,
(4) K*(x) = {<$,$ijk>}i7]‘7keN7 for all x € H.
Thus,
Im,n
I @I = tim S [l < Vol
e i,j,k=1

Hence, {z;;}; ; 1 is a t-Bessel sequence with bound As.
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Now, define t-frame operator S : H — H for ¢-frame {xijk}ij wen DY
S(z) = KK*(x)
=K ({(iﬂ, $ijk>}z',j,keN>

l,m,n
= lim Z (x, x4jk) Tije, forall z € H.
l,mn—o0 . “
1,5,k=1
Since K and * both are linear, so § is also linear. O

THEOREM 13. S is bounded, self adjoint, positive and invertible operator.

Proof. ||S|| = |KK*|| < |IK||? < A2 and 8* = (KK*)* = KK* = S. Hence,
S is bounded and self adjoint operator.
For x € H,

l,m,n
(S(x), ) :< lim Z <x,xijk>xijk,x>

l,m,n—o0

1,3,k=1
l,m,n
= lim Y [a,ag).
Iy;mmn—oo , 4
i,5,k=1

Using definition of t-frame, we have
M{Z(x),x) < (S(x),z) < Xo(Z(z),x), forallxeH.
Hence,
(5) M-IT<S<)N-T.
Thus, S is a positive operator. Moreover,

—1 A2—A
-2y §< 52T
which implies that HI — A;lSH < 1, i.e., § is invertible. O

THEOREM 14. A triple sequence {xijk}ijkeN in H is a t-frame for H if and
only if the operator T is well defined, bounded, linear and surjective.

Proof. 1t is clear from Theorem 12 that, the operator K is well defined,
bounded and linear. Since {x”k}” ren 18 a t-frame hence the ¢-frame operator
S = KK* is invertible (bijective) which implies K is also surjective.

Conversely, let K is well defined, bounded, linear and surjective.

From Theorem 12, it is already clear that {@;i}, ; ;o 15 a Bessel sequence.
Now we prove the lower d-frame inequality.

Since K is surjective and K* is one-one operator, then the operator S = ICK*
is invertible and positive.

For any a,b € H, |(a,b)| <|lal|||b]] (Cauchy Schwarz inequality).
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Consider a = S_%(:L') and b = S%(;v), then
(575@). 83 @) < [[s73(@)] [s3x)

1 1
1 =

= ‘<S%S_%(a:),w>‘ < <S_§(x),8_%(m)>2 <S%($),S%(Z)>§, from which

2l < (7 @).2)* (S(a).a).

Squaring both side and using Cauchy Schwarz inequality for (S “la,z) we
have

le* < |87 @) I2]1(S (@), 2.
Hence, since S is bounded,

lel* < |[s7] I21?(S (@), ).

Finally,
m,n
”331“ HgL‘Hz < <S<.CL‘), :n) = </CIC*(J;), x> = <l’m1’inrr_1}00ijzk:_1 <{L‘, xijk) Tij, l’>
I,m,n
. 2
= i, 2 [l

1,5,k=1

Hence {xijk}ij ey 18 a t-frame for H. O

Now, we establish following result to characterize t-frames in terms of
bounded linear operators.

THEOREM 15. The image of a t-frame {xijk}ijkeN under a linear bounded

operator K on H is again a t-frame for K if and only if there exist a positive
constant A such that the adjoint operator K* satisfies

IK*(2)||* > N|z||?,  for all z € H.

Proof. Since K is a linear bounded operator hence K* is also linear bounded.

Taking K*(z) € H and using the definition of t-frame {wijr}; . cn

l,m,n
MK @) < lim Y (K (@), z)|* < Ao K ()]
l,m,n—oc0 . “
1,5,k=1
By the given condition, we get
m,n

Mzl < 0T @) < tim S [ K (i)
Y i,5,k=1
* 2 * (12
< o [K*(@)]1F < A K7 |

Thus {T (xwk)}” ren 18 a t-frame for H. Converse is obvious by the defini-
tion of t-frame. O
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REMARK 16. From Theorem 15, it is clear that image of a t-frame under a
linear bounded operator is always a t-Bessel sequence.

In the following theorem, we construct a t-frame with the help of t-frame
operator.

THEOREM 17. For a t-frame {z;;1} N With bounds A1 and Ao respectively

i7j7k€
and t-frame operator S, the triple sequence {S_l (zijk) }

frame.

i.jkEN 18 again a t-
Proof. From equation (5) of Theorem 13, we have
M- I<S<X-T
which implies
MNET<STh <Az
Taking inner product with x, we get
(6) Al < (ST e z) < A7

Now,

<S_1 (x), a:> = <S_1SS_1 (x), a:>

l,m,n
= <S—1 (l mhnH_lN)O Z <S_1$7xijk> l‘”k> ,.Z'>

i,j,k:l
l,m,n
. 1 1
:<l,m1,1nrgoo,z <$’S (%‘k)>5 (%k),w>
l,j,k):l
I,m,n

= lim Z ’<1:,S_1(xijk)>‘2.

! —
IO k=1

Hence, by equation (6), {S™! (zyx)} is a t-frame for H with lower and

i,j,kEN
upper bound Ay L and )\1_1 respectively i.e.,
lm,n 9
(7) Mlal? < im0 (@87 @n)| < a7l
l,m,n—o0 il

O

REMARK 18. In above theorem, equations (6) and (7) show that S~' is a
t-frame operator for the t-frame {S™' (z;;1)},j € N. And for any x € H,

m,n l,m,n
1 E —1 . : : —1
e l,ml,11"bnl>ooij 1 <x’ S (xij)> gk =, 1 i jh=1 (@, wijr) S (wijr) -

COROLLARY 19. For a t-frame {x;j;} n and operator S,

i,5,k€

{8_1/2 (xijk)}ijkeN is Parseval t-frame, where S™1/2 is square root of S~1.
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3. ALTERNATE DUAL {-FRAMES

In this section, we examine the alternate or canonical dual of a ¢-frame
along with its associated characteristics.

DEFINITION 20. Let {xijk}z‘jkeN be a t-frame for Hilbert space H. A t-

frame {jijk‘}i,j,keN is called alternate dual t-frame for {x;;} if for all
reH

i,j,kEN?
m,n

o= 3 e
i,5,k=1

xr = Z <l'ajijk>$ijk-

i,j,k€N

or

REMARK 21. {S§7! (zi5)} iken i@ special type of dual t-frame for {z;;}
called canonical dual t-frame.

i,j,kEN?

THEOREM 22. Let {‘%ijk}z‘jkeN be an alternate dual t-frame for a t-frame
{xijk}i,j,keN' Then, for every Px Q@ X RCN XN XN and z € H,

2
(8) > (T, Tijr) (T, Tijk) — > (@, Tijk) Tiji|| =
(4,5,k)EPXQXR (4,5,k)EPXQXR
2
= > (T, Zijk) (T, Tijk) — > (T, Tiji) Tijk
(4,5,k)EPcXQ° X Re (4,3,k)EPcX QX R
Proof. For x € H and P x @ x R C NxN x N, define the operator Kpxgxr
as
Kpxoxr(z) = > (T, Tijk) Tijk-

(4,5,k)EPXQXR
It is obvious that the operator Kpygx r(x) is well defined, linear and bounded.
And by the definition of dual ¢t-frame, we have

Kpxgxr + Kpex@exre = 1.
Therefore,
Kpxgxr — KpxoxrKpPxgxr = (I - lC*PxQxR) Kpxoxr
= Kpexgesne (I = Kpexgexne)
= Kpexgonne — Koo peKpexexe-
Hence,

> (z, i) (@, Tijr) — > (T, Tijk) Tijk

(4,7,k)EPXQXR (3,7,k)EPXQXR

= <ICP><Q><R(1')7$> - <K73><Q><RICP><Q><R($)7Z'>
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= <’C}chXQcXRc(x),x> - <IC}((DCXQ3><RCICPC><QC><RC(.%'),x>
= (2, Kpex@exre(2)) — (Kpexqexre (), Kpexgexre(T)) -
]

REMARK 23. Every Parseval t-frame is dual t-frame of itself. Hence identity
(8) becomes

2
S N i) - Yo lmmgy) ey =
(iJ)ENXM (i k)EN X M
2
= > (@, zi0)|* — > (T, Tiji) Tig||
(4,7)EPcX QX Re (4,5,k)EPcX QX Re

which is called Parseval t-frame identity.

4. STABILITY OF {-FRAMES

In this section, we investigate the stability of ¢-frames and establish similar
results regarding the stability of the corresponding canonical dual ¢-frame.

THEOREM 24. Let {mijk}ijkeN be a t-frame with lower and upper t-frame

bounds A1, Ao respectively, and {yijk}ij wen e a triple sequence in H such that
; e
I A pu >0 with ()x+ \/H) <1 and

(9)

I,m,n m,n
lim i (Tiik — Yii <A lim Qi Tii H T
m,n—0o0 ;1 Z]( 2‘]k yzjk) - l,m,naoo ij:l ij l]k +M { ljk}l?]ykeN ’
17;77 - I =

Jor all {avij}; oy € (N x N x N).
Then, {yij/f}ijkeN is also a t-frame for H with lower and upper t-frame

bounds \1 (1 — ()\ + \/‘;\—1))2 and X\ (1 + A+ \/%)2 respectively.

Proof. Given {wiji}, ; ey is @ t-frame for H. Let K be the pre ¢-frame
operator. From Theorem 12, we have

A

m,n
10) & ({ouedpuen) | = Jim | 30 osneie < Ve [{ossihigpend
Y 1,5,k=1

9

for {vijk}; jpen € I2(N x N x N).
For the given triple sequence {yijk}z’j rens We have

Il,m,n

lim Z QiikYijk|| <

l —
T i k=1
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l,m,n lm,n
<  lim i (Tijk — Yijr) ||+ lim QijkLijk
T Lmn—oo ||, Z “ ( " Yis ) l,m,n—oo0 ||. Z R
17]714;:1 Z7J7k:1
I,m,n
< 3 .. .. > .. .
SRR p 3 L
27‘77 =

By equation (10), we get

l,m,n
Now, define an another operator I : [?(N x N x N) — H as
l,m,n
o) = i 55 e
7/"]1 -

So, for I > I';m > m’ and n > n’, where I, m,n,,l'’,m’,n’ € N, we have

l,m,n m’'.n l,m,n I'';m'n
Z Qi5kYijk — Z QiikYijk| < Z Ok Yijk|| Z QiikYijk
i, k=1 ij k=1 ij k=1 ij k=1
Using (10), we get
Il,m,n 'm'n'
D Qiwbik— Y QiYik| < 2 ((1 + M)V + M) H{Oéijk}i,j,keNH -
1,5k,=1 i,5,k=1

Since {aijk}ij en € I2(N x N), hence sequence of partial sums of

l,m,n l,m,n
lim > ;jkYijk is Cauchy, d.e., lim Y. QjkYijk exists. Which im-
l,m,n—o0 i5,k=1 l,mn—o0 ij.k=1
plies
(12 [t (fudigen) | € (04 0902 + 1) o]

Therefore, operator U is linear, well defined and bounded. Thus, by Theo-
2
rem 12, {yijk}ij ren is a Bessel sequence for H with bound Ag (1 + A+ ﬁ)
i.e.,

l,m,n

2
(13) im > (i, 2)” < A (1 + A+ ﬁ)

l —
T k=1

Now, using K and U in equation (9)
(14)
J#e (Rosiebignen) =4 ({oshsguen) | < A ({uidignen) [+ 1 [{ositbignend -
By Theorem 17, we know that S = K* is a d-frame operator for {@ijr}, ; o
with upper bound )\1_1.
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Again, consider K : H — I2(N x N) as
Kl () = K (KK*) ™ (@)
_ *\—1 B
= {<x, (KK™) <$”k)>}i,j,keN7 for all z € H.
So,
; 9 ' Il,m,n o 9
HIC (:U)H =, lim Z ‘<x, (KK¥) ($zgk)>‘
,m,m—o0 |, 7
i,7,k=1
<A Hz|?, forall z € H.
Put {aijk}ijkeN = KT(z) in equation (14), we get
Hx—UlCT(x)H < ()\—'—WLM) |zl|, forallze H.
Given that, ()\ + \/L/\T) < 1. Therefore, UT is invertible and
~1
jurct] <142+ & H(wc*) <1
= f ) - e
1 )
For x € H,
—1
x = <Z/IICT) (L{ICT> (x)
m,n 1 B
= Jdim >0 () @), 000 i) ) i
i,j,k=1
This implies
I,mmn
Jolf? = (o) = | tim 3 (@D @), (6 i) ) (o)
’ i,j,k=1
Squaring both sides, we get
I,m,n 1
: x\—1
ot = |, tm >0 () @), 000 (i) ) (i)
o i,g k=1
< i ueh ™ @ 3 2
< dm S (uKt) @) 3l )]
1,],K=
I,m,n
< A—i%”x”% lim Y [yik,2)|*, forallw e
1—( A+ m,n—r00 o7
(-0 )
Therefore,
l,mmn
2 ) e
(15) M- () P < tim ST [y o).

0 gk=1
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From (13) and (15), we have {yiji}, ;e a t-frame for . O

The lemma below is employed to examine the stability theorem for the
canonical dual ¢-frame.

LEMMA 25. Let {JUZ]k}Z jkeN be a t-Bessel sequence in H with t-Bessel bound
B. Then for any {Cijk}ijkeN € P(N x N x N),

2
N7 cizie| <B D el

i.j,kEN i.j,kEN

Proof. For any {cijk}ij reN € I2(N x N x N), we have

2 2
Z CijkTijk|| = Sup < Z Cijkxijk7x>
ij,kEN lell=1 | \s jken
2
= sup Z Cijk <l'ijk‘am>
lzl=1; j keN
< sup Z |c7;jk|2 Z |<xijk7az)]2
lzll=1 j keN i,j,k€N
<B > el
i,j,k€N

O

THEOREM 26. Let {iji}; ey ond {Yiji}, pen be t-frames for H with
(A1, 1) and (A2, p2) as respective lower and upper bounds. And let {Zji}; ; ey
and {gijk}hj’keN are their respective canonical dual t-frames.

(i) If {xijx — yiji : 9, J, k € N} is a t-Bessel sequence with bound (3, then
{Zijk — Ui+ 1, J, k € N} is also t-Bessel sequence with bound

1 1\2
3 A+ +A7 p2
A1l :

(ii) Tf
2
S Nz, o) — > |(iji )7 1< ||, forall z € H

4,5, kEN i,5,kEN

then
2 2 N
Z <5Z'ijka JJ> - Z <gijk7$> S )\7”'7;“27 for all S H
3,5, k€N i,5,kEN 14

where v is a real positive number.
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Proof. Let S and K are t-frame operator for {xijk}ij ey and {yijk}ijkeN
respectively. Then, for x € H

Sx)= Y (wag)wyr and K@) = Y (2, Uik vijk-
i,j,k€N i,j,kEN
Since {jijk}i,j,keN and {gijk’}i,j,keN are canonical dual ¢-frames, so
{‘/iijk}ihj,keN = {Sil (xijk)}i,j,keN and {gijk}meN = {Kil (yijk)}m,keN'
(i) Given that {z;jr — yijk : 1,7, k € N} is a t-Bessel sequence with bound £.
So,

[S(z) = K(z)|| = Z (<x7$ijk> Tijk — (»’Uayijk> Yijk)

i,5,kEN
< Z (@, i) (Tije — Yijr)|| + Z (T, Tijk — Yijk) Yijk|| -
i,5,kEN i,j,keN

Using Lemma 25, we get
S(z) — K(z)|| <
§51/2< > <$,$z‘jk>
i,j,kEN
< B0 + )z

Hence,

2> 1/2

2, 1/2 "
> +M2<Z

i,j,kEN

<$7 Lijk — yz‘jk>

IS — K| < 51/2 ()\;/2 _HL;/Q)
and
57—t = et v - 9157
i = sifls™|

< B (W2 ).

1M1

IA

Now, we prove that {Z;;x — Uik : i, j, k € N} is a t-Bessel sequence.

S Eike — G ) = > ‘<371($z‘j)—’cl (yijk)ax>‘2

i,5,k€EN i,J,k€N
= Z ‘ <.%'Uk,8_l($)> - <m1jkalc_l($)>
i,j,k€N
(16) + <xijk7 ICfl(x)> — <yijk, K*1($)>‘2

= Z ’<£L’ij, (S_l — IC_I) (x)>+<$zjk — yijkalc_l($)>‘2-

1,JEN
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For the computation on the right-hand side, we possess;
a0 3 e (7 k) @) < nf(s7 k) @

17]7k€N
1/2 1/2
(2 + /) 2P

and
B 2 B 2
(18) > Wk =y K@) < B[ @) < Sl
i,j,k€N
Using equation (17) and (18) in equation (16), we get
50\
~ ~ 2 A1+A2+A
S Wik — Gigrw)* < 8 <A) 2.
i,j, k€N
(ii) Since both S and K are self adjoint, we have

IS - &1l = sup |((5 - K)(@).z)

llzll=1

= o [(st0ne) - (kio1.2)

2
= Ssup Z <$ijk,9€>

lzl=11; ; ken
SN E

2

<yijka 95>

<7,
4,7,k€N

and

)\11117'
We have Z;j1, = S1 (%ijk), so
2 2
Y (Ew o) = Y ‘<5*1 (i) $>‘ = ’<9«”z’jk7571$>‘

— <55*1(x),8*1(az)> = <x,871(:1:)> .

Similarly,
> Ggnsa)* = (2, K7 (@)
1,7,k€N
Hence,
2
> [@Egwn)| = X Wggw o) | = (2,871 @) - (2,671 (@)
i,j,k€N i,j,kEN
< st =k l2? < 2 el
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5. CONCLUSION

The paper presents the concept of frames produced by triple sequences
within Hilbert spaces, referred to as t-frames. It thoroughly explores various
characteristics of t-frames, including frame operators, alternate dual ¢-frames,
and stability for ¢-frames. The paper also delves into potential applications of
t-frames in diverse fields of study, with a particular focus on signal processing,
indicating future avenues for research. Furthermore, By defining and studying
t-frames, researchers can develop new mathematical tools and techniques for
analyzing and processing multi-dimensional data, leading to advancements in
both theoretical and applied disciplines.
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