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A STANCU TYPE EXTENSION
OF THE CAMPITI-METAFUNE OPERATOR
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Abstract. We consider an extension of the Campiti-Metafune operator using a
Stancu type technique. We study some properties of the new obtained operator.
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1. INTRODUCTION

In 1982, D.D. Stancu [6], introduced a new Bernstein type operator given
by

0 )= S beato) [0 =01 (5) 0 ()]
k=0

where b, ;, denote the basis Bernstein polynomials of degree n,
o = ("1 —2)" " k=0,1,...,n,

for f € C[0,1], n,r € N such that n > 2r.

In 1996, M. Campiti and G. Metafune [3], introduced and studied a new
Bernstein type operator that now bears their names. For introducing the
operator, we need two sequences A = (A\y)p>1 and p = (pp)n>1, and the
numbers «, ;, defined by

(2) Qn,0 = Ans Qnn = Pn, Ontlk = Qnk + Qp k-1, for k = 1,77 n € N.
The Campiti-Metafune operator 4, : C([0,1]) — C(]0,1]), is given by [3]
n
(3) (Anf)(@) = > anpa® (1 — )" f(5).
k=0
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REMARK 1. If XA and p are constant sequences of term 1, then oy, = (Z),
for k=0,n and A, becomes Bernstein operator By, given by

(Buf)(a) = 3 ()ah(1 — 2y ().

k=0

For the sequences (A, p) we consider the following choices, as in [1]:

' B B B [ 1, n=m
(i) Case A = 6, m € N, p = 0, where 6,5, = (Onm)n>1, Onm —{ 0, ntm "

We denote Aﬁf"“o) by Ly, and it is called the elementary left operator of order
m associated to A4,,.

The coefficients of the operators L,,, are denoted by l,, ,; and they are
defined by

(n=m, k>1)
07 (n<m)0r (n>m7k:0)
bk = (n>m, k>n—m+1)

1, n=m, k=0

("D, n>m1<k<n-—m.

k—1
(ii) Case A =0, p = 0y, m € N. We denote A%O’ém) by Ry, and it is called

elementary right operator of order m associated to A,,.
The coefficients of the operators Ry, , are denoted by 7, , , and they are
defined by
(n=m, k<n-1)
0, (n<m)or (n>m, k<m-—1)
(n>m, k=n)

Tmn,k =
1, n=m, k=n

("N n>mom<k<n-—l

k—m

Consequently, for any (m,n) € N x N we get

@ (L D)@) = Y i) 1(5),
k=1

with

) () = ("7 (L= ),

for m < n and
(Lnnf)(x) = (1 — )" f(0).
We have

(6) (R f)(@) = b (@) f(5),
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with
(7) b k() = (n;innzl)xk(l — x)”_k,
for m < n and

(Bnnf)(x) = 2" f(1).

Using these elementary operators, the operator A, is decomposed as
n n
(8) A= AnLmn+ Y pmBmn-
m=1 m=1

REMARK 2. For the particular case of A= p =1, we get

n

Bn - Z (Lm,n + Rm,n)-

m=1
2. A STANCU TYPE EXTENSION OF THE CAMPITI-METAFUNE OPERATOR

Now we introduce the Stancu type extension of the Campiti-Metafune op-

erator, based on an idea from [2], also used, for example, in [4], [5]. Using the
Stancu type operator (1) and the operator (8), we get
(9) Asf Z)‘m mnr +me m,n,r ( )
m=1
with

(Lfm,n,rf)(x) = Z am,n—r,k(x)[(l - l‘)f(%) + :Uf(kjl_r)]
k=1

and
n—r—1

(annr Z bmn rk (1_x)f(%)+xf(k;rr)}v

where @y, n—pr k() and bmyn,r,k( x) are given by (5) and (7), for f € C[0, 1] and
n,r € N such that n > 2r.

REMARK 3. For r =0, it is obtained Af; as the Campiti-Metafune operator
A,

We are going to calculate the moments of the new operators and to study
some approximation properties.
3. PROPERTIES OF THE CAMPITI-METAFUNE OPERATOR

We give first some results regarding the Campiti-Metafune operator that will
be used in the sequel in order to prove some properties of the new constructed
operator.

LEMMA 4 ([1]). The operators defined by (4) and (6) verify the following
relations:
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10
z(1—x)™, n>m;
(Lmneo)(x) =
(I—=2)", n=m;
(I—=z)2™, n>m
(Rim,neo)(z) =
z™, n=m;
20
x(l—x)m(l—;(n—m l)x)’ n>m
(Lmner)(z) =
0, n=m;
(1-2) (mZ(" m—1) ), n>m
(Rimner)(z) =
x", n=m;
30
(L )( ) { l’(l . .’L‘)m 1+3(n—m—1)J:+(7;Ll;m—1)(n—m—2):v27 n>m:
m,n€2 )\ L) =
0, n=m;
(R )( ) (1 . 1’)$m m2+(1+2m)(n—m—l)zj(n—m—l)(n—m—m:pz’ n>m;
mn€2)(T) =
", n=nm.

Now we study some properties for the new operator, Afl introduced in (9).

THEOREM 5. For every x € [0,1], n,7 € N such that n > 2r, we have the
following results:

i)

ASeO Z )\m mnr (.I‘)—i— Z (R;?lnr )(.%')
m=1 m=1
n—r—1
Z AnZ(L =) + ppe™ (1 — ) + Aper (1 — )" + pp—p”™ ™"
m=1
ii)
Asel Z)\m m,n,r€ +Z,0m m,n,r€ ( )
m=1

iii)

(ASen)(@) = 3 An(LErre2)(@) £ 3 pm(BEve2)(@)
m=1

m=1
with
g z(1—2)™, n>m-+r;
(Lm,n,reo)(‘r) = _

(I—x)"", n=m+r;

g (1 —x)2™, n>m-+r;
(Rm,n,reo)(x) = )

" ", n=m-+r;
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and
5 ey | R ) s
m,n,r©1 =
rr(l—x)" n=m+r;
B enm ] e (e, > m
m,n,rc1 =
T+ %x"‘”‘l, n=m-+r;
and
(L;S;L,n,r€2)(x)(x) -
m {1+3(n—r—m—1)z+(n—r—m—1)(n—r—m—2)z?
z(1— ) {1+3( )+((n — )( )z} R
_ + 2 g2 o)At norom=)a) | o2 31 _ gym
% (1 —z)™ ", n=m-+r;
(R re2)(x)(z) =
. mm2+(1+2m)(n—r—m—1)z+(n—r—m—1)(n—r—m—2)z?>
(1 x)x m (TH”)Z ) n>m-+r;
— —I—%TT.CL‘(I_I)I (mjl—(_r;—r—m—l):c) + %(1 . :E)CCm,
" " 4 %x”‘”‘l + ’i—ngn_T, n=m-++r;
Proof.
(10) ASeO Z )\m mnr (.’L‘) + Z (RrS;Lnr )(IE)
m=1 m=1
with
(Limnr€0) (@) = D tmrnk(@) = (Linn—reo)(z)
z(1—2)™, n>m-+r;
B (I—2)"", n=m-+r;
and
n—r—1
(an n r Z bm rn k (Rm,n—TGO)(«T)
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So, we have
(A3e0)(@) i= 3" An(Lommseo) i Ranin+€0)(2) = (An_se0)(z)
m=1 m=1
By (10) we get
(ASen)®) = 32 (o= )" 4 pna™ (1~ ) + Ay (L — 2" 4 ™
m=1
ii) We have
(A5e)(@) = 32 An(Enre) @) + 32 prn( R ) (@)
with " "
(LS me)@) = S ammn(@)[(L — )% + k7]
k=1
= (L ren)(&) + E(Lynn o) (2)
and
n—r—1
(RS . re1) Z mon—rk (2)[(L = 2) ) + 2L

= (Rmm,?«el)( ) + El'(Rm.nfTQO)(l')

and by Lemma 4, we get
(Lfn n,r€ e1)(z)(z) = (Lm,n—rel) + %x(Lm-n—reo)(w)
n>m-+r,;

n—r
rr(l—x) T, n=m-+r;

{ z(1-a)" At (nor—m-z) %xz(l — )™,
and

(R;?w n, re1)(x) = (Rm,nfrel)(x) + %$(Rm.nﬂ"60)($)

+Ix(l =)™, n>m+r;

)

n—r

(1—z)z™(m+(n—r—m—1)zx)
n=m-+r;

— r —r+1
" r_i_ﬁxn 7”+7

iii) We have
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= (Linn—re2) (@) + Z2(Ly.n—re1)(@) + 55 (Lmn—reo) (2)

’I’L2
and

n—m-—r

(B pe)@)@) = Y ampri(@)[(1 = )5 + o 0]
k=1

= (Rpn—re2)(@) + Z2(Rinn—rer) (@) + "2 (Rin—reo)(2).
By Lemma 4, we get

(Lgl,n,r€2)(x)(x) =
= (Lmn—r€2)(@) + Z2(Linn—rer) (@) + "5 (Lmn—reo) ()
_am143(n—r—m—Dz+(n—r—m—1)(n—r—m—2)a>
z(1 x) (n—r)2 NS
— +2Wrxw(1—x)m(1-:;(jl,r—'r—m—l)l') + %$3(1 _ x)m7
and
(R re2) (@) (x) =

= (Rm,nfr62)($) + %x(Rm.nfrel)(l') + %(Rm.nfreoxx)

mm2+(1+2m)(n—r—m—1)z+(n—r—m—1)(n—r—m—2)2?

(1—2z)z s, |
2r (1—z)z™(m+(n—r—m—1)z) | r2z2 n>m-+r;
B T nr + S (1 —z)z™,
VT in$"—r+1 + Tzi‘f:m_r7 n=m-++r;
O

THEOREM 6. For every f € C|0,1], we have
| ll S I and 1Bl < 11

m,n,r’

Proof. Considering the expression of L;gnmw f and Rﬁ%nm f, and Lemma 4,
we get

S D@ =| S tmra@) (1= 20 (E) + 0 (E2) |
k=1
<3 @) |[(1 - ) () + (S|
k=1
<Y i@ [(1 =) 18] + | 1222)
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n—m-—r

< |Ifll Z Am,n—rk(T)
k=1

< IS I(L7, o) (@)

< I,
n—r—1
(RS s D@ = | 3 brrs(@)[(1 =) F(2) + 2 (220))] ‘
k=m
<Y bl [ ) £(5) + ()|
k=1
<Y bk @[ @) [ 2|50
k=1
< Hf||(R7€L,n,reO)(x)
< Il
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