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Abstract. In this paper, we introduce a generalization of the higher-order
Stancu–Schurer operator. Starting from a particular form of the operator re-
cently introduced by the authors, we extend the convex combination of two
terms appearing in its expression to a convex combination of m functions, where
m ∈ N with m ≥ 1. For these generalized operators, we study classical proper-
ties such as linearity, positivity, monotonicity, moments, and certain convexity
properties. We conclude the paper with some remarks on a nonlinear extension
with data-dependent weights.
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1. INTRODUCTION

For f ∈ C[0, 1] and n ∈ N, Bernstein introduced in [2] the linear and positive
operators

(1) Bnf(x) =
n∑

k=0
bn,k(x)f

(
k
n

)
,

with the basis polynomials bn,k given by

(2) bn,k(x) =
(n

k

)
xk(1 − x)n−k,

for k ∈ {0, ..., n} and x ∈ [0, 1]. Another important family of operators was
introduced by Stancu in [20] using a probabilistic approach. We denote these
positive and linear operators by

(3) Snf(x) =
n−r∑
k=0

bn−r,k(x)
[
(1 − x)f

(
k
n

)
+ xf

(
k+r

n

)]
,
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where the polynomials bn−r,k are given by (2), f ∈ C[0, 1], x ∈ [0, 1] and r is
a non-negative integer satisfying n > 2r, for every n ∈ N.

Let m ∈ N with m ≥ 1. Also, let n, r1, ..., rm, R ∈ N be such that n > 2R,
where R = r1 + ...+rm. For every function f ∈ C[0, 1], the authors introduced
in [16] the generalized Stancu operator of order m, given by

(4) Sm
n f(x) =

n−R∑
k=0

bn−R,k(x)

1 −
m∑

j=1
xj

 f
(

k
n

)
+

m∑
j=1

xjf
(

k+rj

n

) ,

where the polynomials bn−R,k are given by (2), for all x ∈ Dm, where

Dm =

x ∈ [0, 1] : 1 −
m∑

j=1
xj ≥ 0

 ⊆ [0, 1].

It is clear that for m = 1 the operator S1
n reduces to the classical Stancu

operator Sn given by (3). Moreover, if R = 0, then the operator Sm
n reduces

to the Bernstein operator given by (1).

Remark 1. The definition of the domain Dm is important for obtaining
the positivity of the considered operators. Although Dm = [0, 1] if and only if
m = 1, it can nevertheless be easily shown that Dm → [0, 1/2], when m → ∞.
Hence, the domain of definition is not negligible for an arbitrary value of the
order m ∈ N. Concrete examples of the domains Dm can be obtained, as
follows:

D1 = [0, 1], D2 =
[
0,

√
5−1
2

]
, D3 = [0, α] ,

where α = 1
3

(
3
√

17 + 3
√

33 + 3
√

17 − 3
√

33 − 1
)

. In general,

Dm = [0, αm] ,

where αm ∈ [0, 1] is the root of the equation x+x2 + ...+xm −1 = 0. Moreover,
if m → ∞ and x ∈ [0, 1), then

lim
m→∞

(
x + x2 + ... + xm

)
− 1 = x

1−x − 1 = 2x−1
1−x

and the root of the considered equation is x = 1
2 , i.e., D∞ = [0, 1/2].

To generalize the previous operator, a small modification can be made to
its definition. Similarly to what has been done in [18] (see also [11], [17]), we
consider p ∈ N with p ≥ 0 and C[0, 1 + p] the space of continuous functions on
the interval [0, 1+p]. Then we obtain the generalized Stancu-Schurer operator
of order m, given by

Sm
n,pf(x) =

n+p−R∑
k=0

bn+p−R,k(x)

1 −
m∑

j=1
xj

 f
(

k
n

)
+

m∑
j=1

xjf
(

k+rj

n

) ,

for all x ∈ Dm, where the polynomials bn+p−R,k are given by (2) and f ∈
C[0, 1 + p].
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An important step that can be undertaken is to replace the Bernstein poly-
nomials bn+p−R,k with the generalized polynomials introduced by Cheney and
Sharma in [13], constructed on the basis of Jensen’s formulas. This approach
was considered by the authors in [16] in the context of generalized higher-order
Stancu–Schurer operators or by T. Bostanci and G. Başcanbaz-Tunca in [3] for
a Stancu-type extension of the Cheney-Sharma operator. Such a study falls
within the research direction established by T. Cătinaş in the works [4], [5], [7],
[8] and [9], where Cheney–Sharma type operators are investigated on various
domains. This direction was also followed by the authors in the works [15]
and [16]. Another direction that was considered by T. Cătinaş in [6] consists
of a Stancu-type extension for another linear and positive operator, namely
the Campiti-Metafune operator. Recently, some of the previously mentioned
operators have also been studied in a complex setting (see [10], [11], [12], [14]).

2. THE GENERALIZED STANCU-SCHURER OPERATOR OF HIGHER ORDER

Let m ∈ N with m ≥ 1. Also, let n, r1, ..., rm, R ∈ N be such that n > 2R,
where R = r1 + ... + rm. For simplicity, let us denote λ = n + p − R. Then,
for every function f ∈ C[0, 1 + p], we denote by

(5) Mm
λ f(x) =

λ∑
k=0

bλ,k(x)

Aλ,k(x)f
(

k
n

)
+

m∑
j=1

Bλ,k,j(x)f
(

k+rj

n

) ,

where the polynomials bλ,k are given by (2) and the functions Aλ,k, Bλ,k,j have
the properties
(6) Aλ,k(x) ∈ [0, 1], Bλ,k,j(x) ≥ 0
for every j ∈ {1, ..., m}, k ∈ {0, ..., λ} and x ∈ [0, 1]. Moreover, for a fixed
k ∈ {0, ..., λ}, we impose the condition

(7) Aλ,k(x) +
m∑

j=1
Bλ,k,j(x) = 1,

for all x ∈ [0, 1]. We call the operator Mm
λ given by (5) the generalized Stancu-

Schurer operator of higher order (in particular, of order m). It is clear that
Mm

λ is a generalization of the operator Sm
n,p studied by the authors in [16].

Indeed, if

Bλ,k,j(x) = xj and Aλ,k(x) = 1 −
m∑

j=1
xj ,

for all x ∈ Dm, then the assumptions for Aλ,k and Bλ,k,j presented above are
fulfilled and Mm

λ reduces to Sm
n,p.

Remark 2. Let us consider

(8) tλ,k,m(x) =
m∑

j=1
Bλ,k,j(x)
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such that tλ,k,m(x) ∈ [0, 1], for all x ∈ [0, 1]. Then
Aλ,k(x) = 1 − tλ,k,m(x) ∈ [0, 1].

If tλ,k,m(x) > 0, we can define

(9) ωλ,k,j(x) = Bλ,k,j(x)
tλ,k,m(x)

with the property that
∑m

j=1 ωλ,k,j(x) = 1. Then the operator Mm
λ becomes

Mm
λ f(x) =

λ∑
k=0

bλ,k(x)
[(

1 − tλ,k,m(x)
)
f
(

k
n

)
+ tλ,k,m(x)

m∑
j=1

ωλ,k,j(x)f
(

k+rj

n

) ]
,

where the polynomials bλ,k are given by (2) and the functions tλ,k,m and ωλ,k,j

are given by relation (8), respectively by (9). We notice here that the func-
tion tλ,k,m plays the role of a mixing parameter indicating how much data is
assigned to shifted nodes, while the function ωλ,k,j can be seen as a probability
function that measures how the data is distributed among the shifts.

Remark 3. According to the previous form of the operator Mm
λ , it is not

difficult to observe that for m = 1 we obtain the operator

M1
λf(x) =

λ∑
k=0

bλ,k(x)
[(

1 − tλ,k,1(x)
)
f
(

k
n

)
+ tλ,k,1(x)f

(
k+r

n

)]
that is a generalization of the Stancu operator defined by (3). The operator
becomes a two point convex combination between the classical node k/n and
the shifted node (k + r)/n with a mixing parameter tλ,k,1(x) ∈ [0, 1].

In particular, if tλ,k,1(x) = x, for all x ∈ [0, 1], then M1
λ reduces to the

classical Stancu-Schurer operator (see [11], [18]). Moreover, if p = 0, then
M1

n−r is the Stancu operator given by (3).

3. PROPERTIES OF THE OPERATOR Mm
λ

In this section, we consider some properties of the operator Mm
λ . We men-

tion that all the assumptions on bλ,k, Aλ,k and Bλ,k,j , respectively for the
parameters considered are the same as in the previous section. In the interest
of brevity, we do not repeat them here; for details, we refer the reader to
Section 2.

Proposition 4. The operator Mm
λ is linear and positive on C[0, 1 + p].

Proof. In order to show that the operator Mm
λ is linear, let us consider

f, g ∈ C[0, 1 + p] and α, β ∈ R. Then

Mm
λ (αf + βg)(x) =

λ∑
k=0

bλ,k(x)
[
Aλ,k(x) (αf + βg)

(
k
n

)
+

m∑
j=1

Bλ,k,j(x) (αf + βg)
(

k+rj

n

) ]
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=
λ∑

k=0
bλ,k(x)

[
Aλ,k(x)

(
αf
(

k
n

)
+ βg

(
k
n

))
+

m∑
j=1

Bλ,k,j(x)
(
αf
(

k+rj

n

)
+ βg

(
k+rj

n

)) ]

=
λ∑

k=0
bλ,k(x)

[
αAλ,k(x)f

(
k
n

)
+

m∑
j=1

αBλ,k,j(x)f
(

k+rj

n

)

+ βAλ,k(x)g
(

k
n

)
+

m∑
j=1

βBλ,k,j(x)g
(

k+rj

n

) ]

= α
λ∑

k=0
bλ,k(x)

[
Aλ,k(x)f

(
k
n

)
+

m∑
j=1

Bλ,k,j(x)f
(

k+rj

n

) ]

+ β
λ∑

k=0
bλ,k(x)

[
Aλ,k(x)g

(
k
n

)
+

m∑
j=1

Bλ,k,j(x)g
(

k+rj

n

) ]
= αMm

λ f(x) + βMm
λ g(x)

= (αMm
λ f + βMm

λ g) (x),

for all x ∈ Dm. Moreover, since bλ,k, Aλ,k and Bλ,k,j are positive functions on
[0, 1], it follows that for any positive function f ∈ C[0, 1 + p] we obtain that

Mm
λ f(x) ≥ 0, x ∈ Dm,

and this completes the proof. □

A direct consequence of the previous result is the monotonicity of the op-
erator Mm

λ .

Corollary 5. Let f, g ∈ C[0, 1 + p] be such that f(x) ≤ g(x), for all
x ∈ [0, 1 + p]. Then

Mm
λ f(x) ≤ Mm

λ g(x),
for all x ∈ Dm.

Proof. Let f, g ∈ C[0, 1 + p] be two functions such that f(x) ≤ g(x), for all
x ∈ [0, 1+p]. Then we consider h ∈ C[0, 1+p] such that h(x) = g(x)−f(x), for
all x ∈ [0, 1 + p]. It is clear that h(x) ≥ 0 on [0, 1 + p] and then Mm

λ h(x) ≥ 0,
for all x ∈ Dm according to Proposition 4. Moreover, based on the linearity
of the operator Mm

λ we deduce that

0 ≤ Mm
λ h(x) = Mm

λ (g − f) (x) = Mm
λ g(x) − Mm

λ f(x)

and then
Mm

λ f(x) ≤ Mm
λ g(x),

for all x ∈ Dm and this completes the proof. □
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Another important result concerning the operator Mm
λ is the study of its

moments, in particular the preservation (or approximation) of the test func-
tions e0, e1 and e2. This result is presented in a broader setting and extends
in a natural way the result obtained by the authors in [16, Theorems 3.1 and
3.2].

Theorem 6. Let ej(x) = xj, for every j ∈ {0, 1, 2} and x ∈ Dm. Then
(10) Mm

λ (e0; x) = 1
and

(11) Mm
λ (e1; x) = λ

nx + 1
n

λ∑
k=0

bλ,k(x)
m∑

j=1
rjBλ,k,j(x),

for all x ∈ Dm. Moreover,

Mm
λ (e2; x) = λ(λ−1)

n2 x2 + λ
n2 x + 2

n2

λ∑
k=0

kbλ,k(x)
m∑

j=1
rjBλ,k,j(x)(12)

+ 1
n2

λ∑
k=0

bλ,k(x)
m∑

j=1
r2

j Bλ,k,j(x),

for all x ∈ Dm.

Proof. Using property (7) and the well-known expressions for the moments
of the Bernstein polynomials (1), we obtain

Mm
λ (e0; x) =

λ∑
k=0

bλ,k(x)

Aλ,k(x) +
m∑

j=1
Bλ,k,j(x)

 =
λ∑

k=0
bλ,k(x) = 1,

for all x ∈ Dm. Moreover, simple computations show that

Mm
λ (e1; x) =

λ∑
k=0

bλ,k(x)

Aλ,k(x) k
n +

m∑
j=1

Bλ,k,j(x)k+rj

n


=

λ∑
k=0

bλ,k(x) k
n +

λ∑
k=0

bλ,k(x)
m∑

j=1

rj

n Bλ,k,j(x)

= λ
nx + 1

n

λ∑
k=0

bλ,k(x)
m∑

j=1
rjBλ,k,j(x),

for all x ∈ Dm. Finally, we obtain that

Mm
λ (e2; x) =

λ∑
k=0

bλ,k(x)

Aλ,k(x) k2

n2 +
m∑

j=1
Bλ,k,j(x)

(
k+rj

n

)2


=
λ∑

k=0
bλ,k(x) k2

n2 + 2
n2

λ∑
k=0

kbλ,k(x)
m∑

j=1
rjBλ,k,j(x)
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+ 1
n2

λ∑
k=0

bλ,k(x)
m∑

j=1
r2

j Bλ,k,j(x)

= λ2

n2

λ∑
k=0

k2

λ2 bλ,k(x) + 2
n2

λ∑
k=0

kbλ,k(x)
m∑

j=1
rjBλ,k,j(x)

+ 1
n2

λ∑
k=0

bλ,k(x)
m∑

j=1
r2

j Bλ,k,j(x)

= λ2

n2

(
x2 + x(1−x)

λ

)
+ 2

n2

λ∑
k=0

kbλ,k(x)
m∑

j=1
rjBλ,k,j(x)

+ 1
n2

λ∑
k=0

bλ,k(x)
m∑

j=1
r2

j Bλ,k,j(x)

= λ(λ−1)
n2 x2 + λ

n2 x + 2
n2

λ∑
k=0

kbλ,k(x)
m∑

j=1
rjBλ,k,j(x)

+ 1
n2

λ∑
k=0

bλ,k(x)
m∑

j=1
r2

j Bλ,k,j(x),

for all x ∈ Dm and this completes the proof. □

Remark 7. In particular, if Bλ,k,j(x) = xj, for all x ∈ [0, 1] and j ∈
{1, ..., m}, then Theorem 6 reduces to [16, Theorems 3.1 and 3.2]. Note that
the remaining cases can be treated similarly, given the very general form of the
proof of the previous result.

Lemma 8. For all x ∈ Dm and any m ∈ N with m ≥ 1, the following
relations hold:
(1) lim

n→∞
Mm

λ (e1; x) = x;

(2) Mm
λ (e1; x) ∈

[
0, λ+rmax

n

]
⊆ [0, 1 + p], where rmax = max{r1, ..., rm}.

In particular, if m = 1, then Mm
λ (e1; x) ∈

[
0, n+p

n

]
. Moreover, if p = 0, then

Mm
λ (e1; x) ∈ [0, 1].

Proof. In view of relation (11) we deduce immediately that

lim
n→∞

Mm
λ (e1; x) = x,

for all x ∈ Dm. On the other hand, according to the assumption imposed on
Bλ,k,j in Section 2, it is not difficult to observe that

0 ≤
m∑

j=1
rjBλ,k,j(x) ≤ rmax

m∑
j=1

Bλ,k,j(x) = rmax,
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for all x ∈ [0, 1], where rmax = max{r1, ..., rm}. Since Mm
λ (e1; x) is given by

relation (11), we obtain that

0 ≤ λ
nx ≤ Mm

λ (e1; x) ≤ λx+rmax
n ≤ λ+rmax

n ,

for all x ∈ Dm. Moreover, it is clear that

rmax = max{r1, ..., rm} ≤ R = r1 + ... + rm,

and then
λ+rmax

n = n+p−R+rmax

n ≤ n+p
n = 1 + p

n ≤ 1 + p,

for all n, p ∈ N with p ≥ 0 and n > 2R. Finally, the particular cases presented
are obtained by simple substitutions of the parameters in the derived relations
and this completes the proof. □

Another important result concerning the operator Mm
λ is presented in the

following proposition. It establishes that the operator is bounded in the space
of continuous functions and, moreover, it preserves the uniform norm in the
sense that it does not exceed the norm of the function on which it acts. For
the particular case presented in Remark 7, one may consult [16, Proposition
3.3].

Proposition 9. Let f ∈ C[0, 1 + p]. Then

∥Mm
λ f∥C(Dm) ≤ ∥f∥C[0,1+p].

Proof. Let x ∈ Dm and f ∈ C[0, 1 + p]. Using properties (6) and (7), we
have that

|Mm
λ f(x)| =

∣∣∣∣∣∣
λ∑

k=0
bλ,k(x)

Aλ,k(x)f
(

k
n

)
+

m∑
j=1

Bλ,k,j(x)f
(

k+rj

n

)∣∣∣∣∣∣
≤

λ∑
k=0

bλ,k(x)

∣∣∣∣∣∣Aλ,k(x)f
(

k
n

)
+

m∑
j=1

Bλ,k,j(x)f
(

k+rj

n

)∣∣∣∣∣∣
≤

λ∑
k=0

bλ,k(x)

Aλ,k(x)
∣∣∣f ( k

n

)∣∣∣+ m∑
j=1

Bλ,k,j(x)
∣∣∣f (k+rj

n

)∣∣∣


≤ ∥f∥C[0,1+p]

λ∑
k=0

bλ,k(x)

Aλ,k(x) +
m∑

j=1
Bλ,k,j(x)


= ∥f∥C[0,1+p]

λ∑
k=0

bλ,k(x)

= ∥f∥C[0,1+p].

□
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Among the properties of interest in the study of such operators is the con-
vexity property. Below, we present a convexity result which extends the one
obtained by the authors in [16, Subsection 3.2]. For more details, one may
consult [1], [15] and [19].

Proposition 10. If f is a convex function on [0, 1 + p], then
Mm

λ f(x) ≥ f (Mm
λ (e1; x)) ,

for all x ∈ Dm.

Proof. In view of relation (5), we know that

Mm
λ f(x) =

λ∑
k=0

bλ,k(x)

Aλ,k(x)f
(

k
n

)
+

m∑
j=1

Bλ,k,j(x)f
(

k+rj

n

) ,

for all x ∈ Dm. For simplicity, let us denote by yi = k+ri
n , for all i ∈ {0, ..., m}

with r0 = 0 and by αk,0 = Aλ,k(x) ≥ 0, respectively by αk,i = Bλ,k,i(x), for all
i ∈ {1, ..., m}. According to the assumptions imposed in Section 2, we know
that for a fixed k ∈ {0, ..., λ} the following relation holds:

αk,0 = 1 −
m∑

i=1
αk,i ∈ [0, 1].

Then the operator Mm
λ can be written as

Mm
λ f(x) =

λ∑
k=0

bλ,k(x)
[
αk,0f(y0) +

m∑
i=1

αk,if(yi)
]

=
λ∑

k=0
bλ,k(x)

m∑
i=0

αk,if(yi),

for all x ∈ Dm. Since f is convex on [0, 1 + p], it follows that

Mm
λ f(x) =

λ∑
k=0

bλ,k(x)
m∑

i=0
αk,if(yi)

≥
λ∑

k=0
bλ,k(x)f

(
m∑

i=0
αk,iyi

)

≥ f

(
λ∑

k=0
bλ,k(x)

m∑
i=0

αk,iyi

)

= f

(
λ∑

k=0
bλ,k(x)

(
αk,0y0 +

m∑
i=1

αk,iyi

))

= f

 λ∑
k=0

bλ,k(x)

Aλ,k(x) k
n +

m∑
j=1

Bλ,k,j(x)k+rj

n


= f (Mm

λ (e1; x)) ,

for all x ∈ Dm. Hence,
Mm

λ f(x) ≥ f (Mm
λ (e1; x)) ,
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for all x ∈ Dm and this completes the proof. □

The previous result can be further refined by imposing a simple condition
on the parameters under consideration, as follows:

Lemma 11. If p ≥ R, then Mm
λ (e1; x) ≥ x, for all x ∈ Dm.

Proof. In view of Theorem 6 we know that

Mm
λ (e1; x) = λ

nx + 1
n

λ∑
k=0

bλ,k(x)
m∑

j=1
rjBλ,k,j(x),

for all x ∈ Dm. Then

Mm
λ (e1; x) − x = λ−n

n x + 1
n

λ∑
k=0

bλ,k(x)
m∑

j=1
rjBλ,k,j(x)

= p−R
n x + 1

n

λ∑
k=0

bλ,k(x)
m∑

j=1
rjBλ,k,j(x)

≥ p−R
n x,

since bλ,k and Bλ,k,j are positive functions on [0, 1] and n, r1, ..., rm ∈ N. Hence,
if p ≥ R, then

Mm
λ (e1; x) − x ≥ 0,

for all x ∈ Dm and this completes the proof. □

We mention here that in the particular case Bλ,k,j(x) = xj , for all x ∈ [0, 1]
we obtain the result proved by authors in [16, Lemma 3.1]. It is important
to note that the condition imposed here is stronger than the one considered
by the authors in [16]. However, in the particular case Bλ,k,j(x) = xj , for all
x ∈ [0, 1] this condition can be relaxed, as in [16].

Theorem 12. If p ≥ R and f is an increasing convex function on [0, 1+p],
then
(13) Mm

λ f(x) ≥ f(x),
for all x ∈ Dm.

Proof. In view of Proposition 10 we know that if f is convex on [0, 1 + p],
then
(14) Mm

λ f(x) ≥ f (Mm
λ (e1; x)) ,

for all x ∈ Dm. Moreover, since f is increasing on [0, 1 + p], it follows that
for any two points u, v ∈ [0, 1 + p] with u ≤ v we have that f(u) ≤ f(v). In
particular, for

u = x ∈ [0, 1] ⊆ [0, 1 + p]
and

v = Mm
λ (e1; x) ∈

[
0, λ+rmax

n

]
⊆ [0, 1 + p]
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we know (see Lemma 8 and Lemma 11) that
u = x ≤ Mm

λ (e1; x) = v,

for all x ∈ Dm. Hence,
(15) f(x) = f(u) ≤ f(v) = f (Mm

λ (e1; x)) ,

for all x ∈ Dm. In view of relations (14) and (15) we deduce that
Mm

λ f(x) ≥ f(x),
for all x ∈ Dm and this completes the proof. □

4. PARTICULAR EXAMPLES FOR THE FUNCTIONS Aλ,k AND Bλ,k,j

In [16] the authors obtained all the results presented above for the particular
case Bλ,k,j(x) = xj , for all x ∈ [0, 1] and j ∈ {1, ..., m}. In this section, we
present other particular examples for the functions Aλ,k and Bλ,k,j that can
be of interest for our study.

Example 13. Let Bλ,k,j : [0, 1] → [0, 1] be given by
Bλ,k,j(x) = cjtλ,k,m(x),

where
tλ,k,m(x) = 4x(1 − x)k(λ−k)

λ2 ,

for all x ∈ [0, 1] and cj ≥ 0 such that
∑m

j=1 cj = 1.

Example 14. Let Bλ,k,j : [0, 1] → [0, 1] be given by
Bλ,k,j(x) = cjtλ,k,m(x),

where
tλ,k,m(x) = (k+1)xq

(λ+1)[xq+(1−x)q ] ,

for all x ∈ [0, 1] and cj ≥ 0 such that
∑m

j=1 cj = 1 and q ≥ 1.

Example 15. Let Bλ,k,j : [0, 1] → [0, 1] be given by
Bλ,k,j(x) = cjtλ,k,m(x),

where
tλ,k,m(x) = x

2

(
1 + sin

(
πk
λ

))
,

for all x ∈ [0, 1] and cj ≥ 0 such that
∑m

j=1 cj = 1.

Remark 16. Based on the examples presented above, we consider the func-
tions f1, f2, f3 : [0, 1] → R, given by

f1(x) = 0.5x2 + 0.3 sin(8πx) + 0.2x,

f2(x) = 0.3 sin (4πx) cos (6πx) + 0.5x2 + 0.2,

f3(x) = sin (5x)e−x,
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f1(x) f2(x)

f3(x)

Fig. 4.1. Functions fi, i = 1, 2, 3, and the corresponding M4
λfi operators.

for x ∈ [0, 1]. In Figure 4.1 we display the functions fi together with their
corresponding operators Mm

λ fi, i = 1, 2, 3 constructed using the functions Aλ,k

and Bλ,k,j given in
• Example 13 for i = 1,
• Example 14 for i = 2,
• Example 15 for i = 3, respectively.

Finally, Table 1 presents the maximum approximation errors for the operators
Mm

λ fi, i = 1, 2, 3, considering all the three cases given in Example 13–15 and
Table 2 presents the mean approximation errors. We consider the following
parameters: m = 4, r1 = 2, r2 = 1, r3 = 3, r4 = 2, p = 8, λ = n + p − R with
R = r1 + r2 + r3 + r4 and n ∈ {50, 100, 200, 500, 1000}.

5. A NONLINEAR EXTENSION WITH DATA-DEPENDENT WEIGHTS

In this section, we present a nonlinear extension of the operator Mm
λ intro-

duced in Section 2. By weakening the assumptions on the functions A and B
defined in relation (6), we will consider that the weights appearing in the op-
erator’s expression are themselves Bernstein-type operators. Thus, we obtain
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fi\n Example 50 100 200 500 1000

f1

1 0.2549 0.1724 0.1014 0.0448 0.0231
2 0.3118 0.1845 0.1041 0.0445 0.0229
3 0.2742 0.1793 0.1059 0.0469 0.0243

f2

1 0.1580 0.1142 0.0726 0.0339 0.0179
2 0.1594 0.1197 0.0754 0.0349 0.0184
3 0.1699 0.1252 0.0788 0.0367 0.0194

f3

1 0.0472 0.0236 0.0118 0.0047 0.0024
2 0.0411 0.0207 0.0106 0.0043 0.0022
3 0.0631 0.0321 0.0162 0.0065 0.0033

Table 1. Maximum approximation errors for M4
λfi, i = 1, 2, 3.

fi\n Example 50 100 200 500 1000

f1

1 0.1195 0.0767 0.0438 0.0190 0.0098
2 0.1465 0.0912 0.0512 0.0219 0.0112
3 0.1367 0.0864 0.0488 0.0211 0.0108

f2

1 0.0724 0.0513 0.0314 0.0143 0.0075
2 0.0841 0.0588 0.0353 0.0159 0.0083
3 0.0798 0.0561 0.0340 0.0154 0.0080

f3

1 0.0210 0.0105 0.0052 0.0021 0.0010
2 0.0272 0.0139 0.0070 0.0028 0.0014
3 0.0312 0.0157 0.0079 0.0032 0.0016

Table 2. Mean approximation errors for M4
λfi, i = 1, 2, 3.

the operator MB
λ defined by

(16) MB
λ f(x) =

λ∑
k=0

bλ,k(x)
[
(1 − Bnf(x)) f

(
k
n

)
+ Bnf(x)f

(
k+r

n

)]
,

where Bnf is the classical Bernstein operator given by (1) and bλ,k are the
Bernstein polynomials given by (2). Note that in this section we consider the
particular case m = 1 and then λ = n + p − R reduces to λ = n + p − r, where
n, p, r ∈ N with p ≥ 0 and n > 2r. It is clear that the operator is no longer
linear, given the dependence of the weights on the function f . Moreover, the
positivity of the operator is preserved only under certain conditions. Never-
theless, for the introduced operator, important properties in approximation
theory can still be studied, as can be observed in this final section.

Remark 17. Let MB
λ be given by (16) and f ∈ C[0, 1 + p]. Then

MB
λ f(0) = f(0)

and
MB

λ f(1) = f
(

n+p
n

)
.

In particular, if p = 0, then MB
λ f(1) = f(1). The proof of this result is very

simple, according to the well-known properties of the Bernstein operator Bnf .
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Proposition 18. Let ej(x) = xj, for every j ∈ {0, 1, 2} and x ∈ [0, 1].
Then

MB
λ (e0; x) = 1

and
MB

λ (e1; x) = n+p
n x,

for all x ∈ [0, 1]. Moreover,

MB
λ (e2; x) = 1

n2

[
λx(1 − x) + λ2x2 +

(
2rλx + r2

) (
x2 + x(1−x)

n

)]
,

for all x ∈ [0, 1].

Proof. In view of Theorem 6 for m = 1 and Bλ,k,j(x) = Bnf(x), for all
x ∈ [0, 1], where Bnf is the Bernstein operator given by (1). □

It is not difficult to observe that for p = 0 we obtain better results for the
operator MB

λ (in particular, we have that MB
λ (e1; x) = x, for all x ∈ [0, 1])

that are similar to those obtained for the Bernstein operator Bnf (see [20]).
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