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Abstract. In this paper, we introduce a generalization of the higher-order
Stancu—Schurer operator. Starting from a particular form of the operator re-
cently introduced by the authors, we extend the convex combination of two
terms appearing in its expression to a convex combination of m functions, where
m € N with m > 1. For these generalized operators, we study classical proper-
ties such as linearity, positivity, monotonicity, moments, and certain convexity
properties. We conclude the paper with some remarks on a nonlinear extension
with data-dependent weights.
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1. INTRODUCTION

For f € C[0,1] and n € N, Bernstein introduced in [2] the linear and positive
operators

(1) Buf(@) = 3 bl (£).
k=0

with the basis polynomials b, j, given by

(2) bnp(x) = (Z):ck(l —z)" 7k,

for k € {0,...,n} and = € [0,1]. Another important family of operators was
introduced by Stancu in [20] using a probabilistic approach. We denote these
positive and linear operators by

) S0 @) = X buri(a) [(L—2)f (5) +0f (£22))].
k=0
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where the polynomials b,,_,j are given by (2), f € C[0,1], € [0,1] and 7 is
a non-negative integer satisfying n > 2r, for every n € N.

Let m € N with m > 1. Also, let n,r1,...,7m, R € N be such that n > 2R,
where R = 1+ ...+ 7,,. For every function f € C]0, 1], the authors introduced
in [16] the generalized Stancu operator of order m, given by

@ spr=Ehemio|(1-52) 1)+ S s (5]
k=0 j=1 j=1

where the polynomials b,_ g are given by (2), for all z € D,,,, where

Dm:{xe[o,l] : 1—ix120}g[0,1].

j=1

It is clear that for m = 1 the operator S; reduces to the classical Stancu
operator S, given by (3). Moreover, if R = 0, then the operator S]* reduces
to the Bernstein operator given by (1).

REMARK 1. The definition of the domain D,, is important for obtaining
the positivity of the considered operators. Although D, = [0,1] if and only if
m =1, it can nevertheless be easily shown that D, — [0,1/2], when m — oc.
Hence, the domain of definition is not negligible for an arbitrary value of the
order m € N. Concrete examples of the domains D,, can be obtained, as
follows:

Dl:[071]7 D2: |:07 \/52_1:|7 D3:[0,0é],
where a = % ({)’/17—{—3\/@—}— 6/17 — 333 — 1). In general,
D, = [0,0tm],

where oy, € [0,1] is the root of the equation x+x?+...4+x™—1 = 0. Moreover,
if m — oo and x € [0,1), then
lim <m+x2+...+mm) 1= -1=2=1

m—00 -z

and the root of the considered equation is x = %, i.e., Dog = [0,1/2].

To generalize the previous operator, a small modification can be made to
its definition. Similarly to what has been done in [18] (see also [11], [17]), we
consider p € N with p > 0 and C[0, 1 4 p] the space of continuous functions on
the interval [0, 1+ p]. Then we obtain the generalized Stancu-Schurer operator
of order m, given by

n+p—R

Sipf @)= D" busp-ri(2) [(1 —izj) £ (%) +§:“’jf (55)]
k=0 Jj=1 Jj=1

for all € D,,, where the polynomials b, i, g are given by (2) and f €
C[0,1+ pl.
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An important step that can be undertaken is to replace the Bernstein poly-
nomials by, 4, x With the generalized polynomials introduced by Cheney and
Sharma in [13], constructed on the basis of Jensen’s formulas. This approach
was considered by the authors in [16] in the context of generalized higher-order
Stancu—Schurer operators or by T. Bostanci and G. Bagcanbaz-Tunca in [3] for
a Stancu-type extension of the Cheney-Sharma operator. Such a study falls
within the research direction established by T. Catinas in the works [4], [5], [7],
[8] and [9], where Cheney—Sharma type operators are investigated on various
domains. This direction was also followed by the authors in the works [15]
and [16]. Another direction that was considered by T. Catinas in [6] consists
of a Stancu-type extension for another linear and positive operator, namely
the Campiti-Metafune operator. Recently, some of the previously mentioned
operators have also been studied in a complex setting (see [10], [11], [12], [14]).

2. THE GENERALIZED STANCU-SCHURER OPERATOR OF HIGHER ORDER

Let m € N with m > 1. Also, let n,rq,...,7m, R € N be such that n > 2R,
where R = r; + ... + . For simplicity, let us denote A = n + p — R. Then,
for every function f € C[0,1 + p], we denote by

(5)  MYf(x Z bak(x) |Axp(z ( ) + Z By, (ktf]) :

where the polynomials by . are given by (2) and the functions Ay 1, By ; have
the properties

(6) Axk(2) €[0,1],  By,i(z) =20

for every j € {1,...,m}, k € {0,...,A} and = € [0,1]. Moreover, for a fixed
k € {0,...,\}, we impose the condition

(7) Ay i (z +ZB)\ k(2

for all z € [0,1]. We call the operator MY given by (5) the generalized Stancu-
Schurer operator of higher order (in particular, of order m). It is clear that

Y is a generalization of the operator S}, studied by the authors in [16].
Indeed, if

m
By j(x) = 2/ and Ayp(z) =1— Zl‘j,
j=1
for all x € D,,, then the assumptions for Ay ; and By ; presented above are
fulfilled and MY" reduces to Sy,

REMARK 2. Let us consider

(8) Exkym (T ZB/\ k(T
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such that t . (z) € [0,1], for all x € [0,1]. Then
Axp(@) =1 —trgm(z) €[0,1].
If ty km(x) > 0, we can define

B (x
(9) Wik (7) = Pekalt)

with the property that 377" 1 wx k. j(x) = 1. Then the operator MY' becomes

= ﬁ:bAﬁ(x) [(1 —t)\7k7m<$))f (%) +t)\,k,m Zao\ k,] <k-;7“;)
k=0

where the polynomials by i, are given by (2) and the functzons txkm and wy g j
are given by relation (8), respectively by (9). We notice here that the func-
tion ty im plays the role of a mizing parameter indicating how much data is
assigned to shifted nodes, while the function wy ; can be seen as a probability
function that measures how the data is distributed among the shifts.

Y

REMARK 3. According to the previous form of the operator MY, it is not
difficult to observe that for m = 1 we obtain the operator

™) = z/\: Ok () [(1 —taa(2)f (%) + k() f (k?j;'r):|
k=0

that is a generalization of the Stancu operator defined by (3). The operator
becomes a two point conver combination between the classical node k/n and
the shifted node (k 4 r)/n with a mizing parameter ty1(x) € [0, 1].

In particular, if txx1(z) = z, for all x € [0,1], then M} reduces to the
classical Stancu-Schurer operator (see [11], [18]). Moreover, if p = 0, then
ML is the Stancu operator given by (3).

3. PROPERTIES OF THE OPERATOR MY

In this section, we consider some properties of the operator M%'. We men-
tion that all the assumptions on by, Ay and By, respectively for the
parameters considered are the same as in the previous section. In the interest
of brevity, we do not repeat them here; for details, we refer the reader to
Section 2.

PROPOSITION 4. The operator MY is linear and positive on C[0,1 + p].

Proof. In order to show that the operator MY' is linear, let us consider
fyg € C[0,1+ p] and a,ﬁ € R. Then

MY (af + Bg)(x Zb,\k [AM: z) (af + Bg) (%)

+ Z By k,j(z) (af + Bg) (H”) ]
=1
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= Zb/\k [A,\k (v) ( f(%) + Bg (%))
+ Z B r,j(x) (04 (HTJ) + Bg (kJrTJ)) ]
=
= i b,\,k(x) [aA,\,k(x)f (%) + f: OZB)\,k,j(m)f (kt:"j)
k=0

J=1

+ BANk(T) (%) + ZBBA ki (ktfj)}

7j=1

:akz:%bw(x {AM F(E)+ ZBMJ 7 ()
+ﬁz/\:b/\,k($ [Am g (%) + ZBMW (ktzrj”

k=0
= aM'f(x) + BM'g(x)
= (aMy' f + SMY'g) (2),

for all z € D,,. Moreover, since by i, Ay and B) y ; are positive functions on
[0, 1], it follows that for any positive function f € C|[0,1 + p] we obtain that

MTf(LU) >0, € Dp,
and this completes the proof. O

A direct consequence of the previous result is the monotonicity of the op-
erator MY".

COROLLARY 5. Let f,g € C[0,1 + p| be such that f(x) < g(z), for all
z €[0,1+p]. Then
MY fx) < M3g(z),
for all x € Dy,.
Proof. Let f,g € C[0,1+ p] be two functions such that f(z) < g(z), for all
x € [0,14p]. Then we consider h € C[0, 1+p] such that h(z) = g(x)— f(z), for
all x € [0,1+ p]. It is clear that h(z) > 0 on [0,1+ p] and then MYh(z) > 0,

for all x € D, according to Proposition 4. Moreover, based on the linearity
of the operator MY' we deduce that

0 < M3h(z) = MY (9 — ) (z) = MY'g(x) — MY f(x)
and then
N () < Mg(w),
for all x € D,, and this completes the proof. O
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Another important result concerning the operator MY is the study of its
moments, in particular the preservation (or approximation) of the test func-
tions eg, e; and es. This result is presented in a broader setting and extends
in a natural way the result obtained by the authors in [16, Theorems 3.1 and
3.2].

THEOREM 6. Let ej(z) = 27, for every j € {0,1,2} and x € D,,. Then

(10) M (ep;z) =1
and
(11) MY (eq;x) *x—i- ZbAk ZT]B,\ ]ﬁ]

for all x € D,,. Moreover,

(12) MT(@Q;.%') = >\(>\ ).%' + 2$+ nZ Zkb)\k erB)\ k,j
k=0

+4 me ZT By,

for all x € Dy,

Proof. Using property (7) and the well-known expressions for the moments
of the Bernstein polynomials (1), we obtain

A
N (eo; Zb,\k (A,\k +ZB,\1<;,J ) = b)) =
k=0

for all x € Dy,. Moreover, simple computatlons show that

N(esx Zb)\k (A,\k +ZB,\ k(T ki”)

= Z baw(z)E + Z bak(x Z Y Bykj(®)

7=1

,x_|_ Zbkk ZTJB)\k,]

for all z € D,,,. Finally, we obtain that

MY (e2; 7 Z bk (x (AA,k(fU)f; +>  Bak(2) (kjfj)Q)
j=1
= Z by k() n2 + % Z kb i (x Z?‘]B,\ ki
k=0

k=0
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+n2zbm Z?‘Bm
+n2zbm ZTBAk,a
:g(l« +M) ngzkbﬂg Zr]Bm,j)
+n2zb>\k ZTBMJ

_)‘()\ 1)1' +n2x+n2 Zkbkk ZT]B)\]CJ

k=0
+ .7 Zb,\k ZT By kj(x
for all z € D,,, and this completes the proof. ]

REMARK 7. In particular, if By (z) = 27, for all x € [0,1] and j €
{1,...,m}, then Theorem 6 reduces to [16, Theorems 3.1 and 3.2]. Note that
the remaining cases can be treated similarly, given the very general form of the
proof of the previous result.

LEMMA 8. For all x € Dy, and any m € N with m > 1, the following
relations hold:

(1) lim M (eria) = 2;
(2) MY (er;z) € [0, )‘LTZW} C [0,1+ p|, where Tpae = max{ry,...,Tm}.

In particular, if m = 1, then MY (e1;x) € {0, "Tﬂ’} Moreover, if p = 0, then
M7 (er;z) € [0,1].

Proof. In view of relation (11) we deduce immediately that
: m . —
Jim MY (e1; z) =

for all x € D,,,. On the other hand, according to the assumption imposed on
Bj i, in Section 2, it is not difficult to observe that

m m
0<> 7Bk (®) < Tmaz ¥ Bakj(®) = T'maaz,
= j=1
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for all z € [0, 1], where 7pqe = max{ri,..., m,}. Since MY (e1;x) is given by
relation (11), we obtain that

A m . AT+ Tmaz A-Tmag
0§5$§M/\(e1,x)§ n < n )

for all x € D,,,. Moreover, it is clear that
Tmaz = Max{ry, ..Tm} < R=r1+ ...+ rp,
and then

ATrm _ ntp— R+Tmaz n+p p
- ar — < 1 + < 1 _{_p?

for all n,p € N with p > 0 and n > 2R. Finally, the particular cases presented
are obtained by simple substitutions of the parameters in the derived relations
and this completes the proof. ]

Another important result concerning the operator MY is presented in the
following proposition. It establishes that the operator is bounded in the space
of continuous functions and, moreover, it preserves the uniform norm in the
sense that it does not exceed the norm of the function on which it acts. For
the particular case presented in Remark 7, one may consult [16, Proposition
3.3].

PROPOSITION 9. Let f € C[0,1+ p|. Then

MY fllem,n) < I fllco,14p)-

Proof. Let © € Dy, and f € C[0,1 + p]. Using properties (6) and (7), we
have that

MY f ()] = z/\:bx7k(x) App(@)f (& )+ZBm £ (E)
k=0

< i\:b/\,k(x Ay k(@ ( )+ZBAk,] (ktf])
k=0

<Y bae) | Asslo)|# ()] + X massto |1 (52)
k=0
A
<N fllewoaap) Y bak(@) | Axi(z +ZBM,J
k=0

A
= fllcio14p > bak(®)
k=0

= Hf||0[0,1+p]-
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Among the properties of interest in the study of such operators is the con-
vexity property. Below, we present a convexity result which extends the one
obtained by the authors in [16, Subsection 3.2]. For more details, one may
consult [1], [15] and [19].

PROPOSITION 10. If f is a convez function on [0,1 + p]|, then

Nf(@) = f (MY (ers ),
for all x € Dy,

Proof. In view of relation (5), we know that

MY f(x ZbAk ) | Axg(z ( >+ZB,\kg (kj;”) ,

for all x € D,,,. For simplicity, let us denote by y; = %, for all i € {0,...,m}
with 79 = 0 and by a0 = Ay x(x) > 0, respectively by ay; = By ,i(x), for all
i € {1,...,m}. According to the assumptions imposed in Section 2, we know
that for a fixed k € {0, ..., \} the following relation holds:

m
ago=1-— Zoqm' € [0,1]
=1

Then the operator M7 can be written as

M f(z Z bak(z [Oék,of(yo) + > i f(yi) 1 Z bk ( Z i f (Yi)s
i=1

for all x € D,, Smce f is convex on [0, 1 + p], it follows that

MY f(z Zb)\k Zasz Yi)

A m
=f (Z bk () (ak,oyo + Z ak,i%))

=1

bak(z )(Am +ZB/\k,g kﬁ;”))
0

 ~
£
Il >

for all x € D,,. Hence,

Nf(z) > f (MY (e;2)),



87 On a generalization of the Stancu-Schurer operator of higher order 87

for all x € D,, and this completes the proof. O

The previous result can be further refined by imposing a simple condition
on the parameters under consideration, as follows:

LEMMA 11. If p > R, then MY (e1;z) > x, for all x € Dy,

Proof. In view of Theorem 6 we know that

M (ersa) = Ao+ 1 Zm ZTJBW

for all x € D,,,. Then

M’:\"(el;x)—x— AR = Zb)‘k ZTJB)\]C,]

= x—i— Zb)‘k ZT]B,\]CJ

—R
>,
since by, and B}y j are positive functions on [0, 1] and n, 71, ..., 7, € N. Hence,
if p > R, then
MY (er;2) —x >0,

for all x € D,, and this completes the proof. O

We mention here that in the particular case B, ;(x) = 27, for all z € [0,1]
we obtain the result proved by authors in [16, Lemma 3.1]. It is important
to note that the condition imposed here is stronger than the one considered
by the authors in [16]. However, in the particular case By j(z) = 27, for all
x € [0, 1] this condition can be relaxed, as in [16].

THEOREM 12. Ifp > R and f is an increasing convex function on [0,1+p),
then

(13) yf(@) = f(=),
for all x € Dy,

Proof. In view of Proposition 10 we know that if f is convex on [0,1 + p],
then

(14) Nf(@) = f (MY (er; ),
for all z € D,,. Moreover, since f is increasing on [0,1 + p|, it follows that
for any two points u,v € [0,1 4 p] with u < v we have that f(u) < f(v). In
particular, for
u=2x € [0,1] C[0,1+ p]
and
v=MY(e;z) € [O, AL”“‘“} C[0,1+p]
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we know (see Lemma 8 and Lemma 11) that
u=x < MY (e1;2) =v,
for all x € D,,,. Hence,
(15) f(x) = fu) < f(v) = f (MY (er; 7)),
for all © € D,,. In view of relations (14) and (15) we deduce that
yf(@) = f(=),
for all x € D,, and this completes the proof. O

4. PARTICULAR EXAMPLES FOR THE FUNCTIONS A)\,k AND B)\,k,j

In [16] the authors obtained all the results presented above for the particular
case By j(z) = 27, for all z € [0,1] and j € {1,...,m}. In this section, we
present other particular examples for the functions Ay and B); ; that can
be of interest for our study.

EXAMPLE 13. Let By ; : [0,1] — [0, 1] be given by

By 1.j(x) = cjtypm(x),
where
tx g (@) = de(1 — 2) 0K,

for all x € 10,1} and ¢; > 0 such that 377" c; = 1.
EXAMPLE 14. Let By ; : [0,1] — [0, 1] be given by
B ki () = cjtxpm (@),
where

k+1)z?
taem () = W

for all z € [0,1] and ¢; > 0 such that 377", cj =1 and ¢ > 1.
EXAMPLE 15. Let By ; : [0,1] = [0,1] be given by
B k,j(@) = cjitanm(z),

where
for all x € 10,1} and c¢j > 0 such that 377" c; = 1.

REMARK 16. Based on the examples presented above, we consider the func-
tions f1, fo, f3:]0,1] = R, given by

fi(x) = 0.522 + 0.3sin(87z) + 0.2z,
fa(z) = 0.3sin (47z) cos (67z) + 0.52% + 0.2,
f3(x) !

= sin (bx)e 7,
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fs(x)
Fig. 4.1. Functions f;, i = 1,2, 3, and the corresponding M} A\ fi operators.

for z € [0,1]. In Figure 4.1 we display the functions f; together with their
corresponding operators MY' f;, i = 1,2, 3 constructed using the functions Ay j
and By ; given in

e Example 13 fori=1,
o Fxample 1} fori =2,
e Example 15 for i = 3, respectively.

Finally, Table 1 presents the mazximum approximation errors for the operators
M fi, i =1,2,3, considering all the three cases given in Example 15-15 and
Table 2 presents the mean approximation errors. We consider the following
parameters: m =4, r1 =2,r9 =1,r3=3,14 =2, p=8, A =n+p— R with
R=ry+ro+r3+ry and n € {50,100, 200,500, 1000}.

5. A NONLINEAR EXTENSION WITH DATA-DEPENDENT WEIGHTS

In this section, we present a nonlinear extension of the operator MY" intro-
duced in Section 2. By weakening the assumptions on the functions A and B
defined in relation (6), we will consider that the weights appearing in the op-
erator’s expression are themselves Bernstein-type operators. Thus, we obtain
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fi\n | Ezample 50 100 200 500 1000
1 0.2549 | 0.1724 | 0.1014 | 0.0448 | 0.0231
0.3118 | 0.1845 | 0.1041 | 0.0445 | 0.0229
0.2742 | 0.1793 | 0.1059 | 0.0469 | 0.0243
0.1580 | 0.1142 | 0.0726 | 0.0339 | 0.0179
0.1594 | 0.1197 | 0.0754 | 0.0349 | 0.0184
0.1699 | 0.1252 | 0.0788 | 0.0367 | 0.0194
0.0472 | 0.0236 | 0.0118 | 0.0047 | 0.0024
0.0411 | 0.0207 | 0.0106 | 0.0043 | 0.0022
0.0631 | 0.0321 | 0.0162 | 0.0065 | 0.0033

fi

f2

I3

Lo O | B ~|L e

Table 1. Maximum approximation errors for M} fi, i = 1,2,3.

fi\n | Example 50 100 200 500 1000
1 0.1195 | 0.0767 | 0.0438 | 0.0190 | 0.0098
0.1465 | 0.0912 | 0.0512 | 0.0219 | 0.0112
0.1367 | 0.0864 | 0.0488 | 0.0211 | 0.0108
0.0724 | 0.0513 | 0.0314 | 0.0143 | 0.0075
0.0841 | 0.0588 | 0.0353 | 0.0159 | 0.0083
0.0798 | 0.0561 | 0.0340 | 0.0154 | 0.0080
0.0210 | 0.0105 | 0.0052 | 0.0021 | 0.0010
0.0272 | 0.0139 | 0.0070 | 0.0028 | 0.0014
0.0312 | 0.0157 | 0.0079 | 0.0032 | 0.0016

fi

f2

I3

Lo O | D ~|L

Table 2. Mean approximation errors for M3 f;, i = 1,2, 3.

the operator Mf defined by

A
16)  MEf(@) =3 basle) [(1 - Buf(@)) £ () + Bufl@)f (E20)].
k=0

where B, f is the classical Bernstein operator given by (1) and by} are the
Bernstein polynomials given by (2). Note that in this section we consider the
particular case m = 1 and then A = n+p— R reduces to A = n+p —r, where
n,p,7 € N with p > 0 and n > 2r. It is clear that the operator is no longer
linear, given the dependence of the weights on the function f. Moreover, the
positivity of the operator is preserved only under certain conditions. Never-
theless, for the introduced operator, important properties in approximation
theory can still be studied, as can be observed in this final section.

REMARK 17. Let MB be given by (16) and f € C[0,1+ p]. Then
M (0) = £(0)
and
MEr() = 1 (22).

In particular, if p = 0, then MEf(1) = f(1). The proof of this result is very
simple, according to the well-known properties of the Bernstein operator B, f.
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PROPOSITION 18. Let ej(z) = a/, for every j € {0,1,2} and = € [0,1].
Then
MB(eg;x) =1
and
MB(ey;x) = ”Tﬂ’x,

for all z € [0,1]. Moreover,

M?(@; r) = — [)\flf(l —x)+ N2 + (Qr)\x + 7”2) (1‘2 + ‘T(l_x))} ,

o e
for all z € [0,1].

Proof. In view of Theorem 6 for m = 1 and By j(x) = B, f(x), for all
x € [0, 1], where B, f is the Bernstein operator given by (1). O

It is not difficult to observe that for p = 0 we obtain better results for the
operator M¥% (in particular, we have that MP%(e1;z) = =, for all z € [0,1])
that are similar to those obtained for the Bernstein operator B, f (see [20]).
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