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l. Inlroduetion

In the prcceding article [1] the authors rc'searched a methodof con-
structing the general tangential contact ch¿i.rts of the functional relation
Frr"(tr,tz,ts):0, rvhere Fr* is a real continuous function of three real
variables tt, t, and t".

In this pafier we treat, as a natural extensiorr of the above taugential
contact charts, the tangential contact circular charts of the general func-
tional relation of four variables Frr"o (tr, tz, h, t4) : 0, in which the curve
of solution is a circle, that is tangent to the re spective curve l, (i : l, 2, 3, 4).

Furthermore, a double tangential contact circular chart of six variables
of which functional relation is represented by Ftr ...u (tr, tz, . . ., ,r) : 0
is also studied.

2. Gcnoral Theory oI Tangential Contact Circular
Charts of l-our Variables

Giveu the geueral functional relation of four variables

(l) Frr"n(tr, t2, ts, t4) : 0,

where 1ìrr' is a real contilluoris fuuction of four rearl variables h, tz, 1", and tn.
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Now we try to construct the general tangential contact circular charts,
where a circle of solution C tangent to curves to U : l,2,3) of the ade-
quately given families of curves (1,) (i : l, 2, 3), respectively, is also tangent
to a curve ún of the fourth family of cttrves (tn), and.,vhere thus obtained
valte tn is a required solution of the given functional relation (1), tr, t, and
I, being known.

Consider adequately the fo1lo'rving three pairs of paranetric equations,
involving the parameters ln and ø,; (i. : 1,2,3):

(2) (t,): x,: x¡(t¡, æ¡), !¡: !¡(t¡, "n) 
(i:1,2,3),

where o(, represent the curve lengths of ln-curves, respectively ; aricl r'r'e

assrlme 'chat xr(tr, ø,) and !¡(t¡, q¿) are continuous functions of l, (i : 1,2, 3)
respectively ; and also that they are of class C2 with respect to a¡ (i : l, 2, 3).

Now let the equation of circle of solution C be

(3) K(*,y i tt, tz, t") : x' i ),' I2g(tr, tr, t")x I 2f(tL, tz, t")y i-
I c(tr, tz, h) :0,

where g, f and c are undetermined functions of tr, t, and lr.
Then as, in our tangential contact circular charts, respective curve

Ir of the family of curves (ln) expressed by (2) contacts with the circle of

1¡
(1r)

(1¡ )

1"

14

(1al

tr14 i

1¡ì9. I

contact of the l-st order, we have the

;:,"',1åiru::';:l;:"'""' 
or trvo Plane

(4) \y(tr,tz,t"', a¡) : K(x,(t¡, æ¡), y¡(t¡, a¡); tr, tz, h):
: x?(t,, ",) I Y?þ,, a,) ¡ 2g(t,, t,, tr)xn (l¡, ø') *
-f zl(t" tr, t")5t,(t,, ø",) ¡ c(t', tz, ts) : O 

,, : l, 2, g),

(s) ;r"#-: x¡(t¡, ",)# t y¡(t¡, ",)# t e(t,,t,,h)# -l

-f ÍU,, t", ft) fur: s (i : r, 2, 3),

(6) +q=n#e:(3:",r *(y,)' + *,ú*?1 v,y,;+

2

ô'x¡ -0
(i, : 1,2,3)

I g(tr, tr, t")
ô

Solving the above systen (4) ancl (!) wit¡ -tbe .unknowls g' Í' '; u'

U :1,2,3\, we shall hár'e the' Íorms oI thc following solutions :

(7) g: g(t,, tr, t"), f : ÍQr, tz, ts), c: c(tt, tr, t');

(8) a-¡ : ø-¡(tt, tz, tt) (i : l' 2' 3)'

,Ihe[ the equation (3) with the coefficients (7) is,the ]lQuired equati.on

of tlre circle of sãlution òîang"nttothe culve l, (;: t,Z,Z1 of the family
of cnrves (t,) (i : 1,2' 3)' respectively.

Norv assuming that

(9) 
ôFns4QL' t2' h' t') + 0

ôts

in (1), and solving (1) rvith respect to lr, rve get

(ro¡ h: a(h, tz, t4);

and substituting this expression into (3) with (7), we have-again the equatiotr

"i tfr" "it"1e 
of"solution, of which nèi coeffìcîents gx, l* and c* consist of

independent variables tr, t, and ln, respectivcly, i'e',

(11) I{*(x, jt; t,, t2, tn) : x'I y" * 2g*(tr, tr, tn)x l2f*(tt' tr, tt)y -F

-l ,*(/r, t2, t4) : 0,

I
l f(t, tr, t") 9oU*¿
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t
(o)

(T r) ctot

¡l
Ð

Putting ,r,= r(r0)(: const.), t4: t:!)(: const.), we obtain

(12) K*(*,yitf),t,,110)) : xz +y, l2g*(t\ot,t2,tt])x l2f*(t\ot,tr,t\f))1, I
+ cåq('lo), t2' tft) :0,

rvlriclr represerits a faruil¡' of circles of solutions, with a parametc r tr, tangent
to the fixed curves ltO) ¿rr¿ llo), respectively ; therefore, ltu)-curve and ú1ol-

curve must be the euvelopes of this farnily of circles, respectively.
In fact, assunring that the above famil1' oÍ circles (12) has two envelopes

lf) and lto), and that the function K* is of class C2, rve diffcrentiate (12)

partially with respect t.o tr, that is,

(13)

Ilence eliminating t, from (12) and' (13), we have an equation of the

form

(14) E(*'Y; ltot, rtot) : 0'

which may represent úf)-çurve and' llo)-curve as the envelopes of circles

of solutions. i"- - d;;ing that E is a function of Cz class with respect to lft and l1or,

and that

ôztnq(x, r ; tfi, /f\) 
^(15) --i,f4$- : ''

*e can lactortze (14) as a prod.uct of two functions þr(*, y; tf\), þr(x' y; tt:\),

that is,

(1G) E(*, v; rlo), 
'f)) 

: t,'@' v; t\o\) ' þ'(*'v; t\:))'

Therefore, we have

(17) (l!ot) : Q'@, Y; ltor) : o,

(18) (ltot) : Ú,(*, Y; lto)) : 0'

The curve, expressed. by (|7), must be the same to a curve lto), expressed

by (2) for i :1, and hence (17) may be rewritten as

(19) þr(*, y; ,!o)) : {x - xr(t\ot, qJXy - y'('lo)' qJ}'

Next, writing as l. for lto) in (18), we get

(20) (rJ : Ú,(*, Y; tn) :0,

and this is nothing but the required equation of the fourth family of curves,

and. may be expiessed, by tÈe parametric representation' as

(21) (rJ: xr-- xn(tn, æo), !r: Yn(tn' ua)'

where a parameteï ct4 fepresents the curve length of l¡curves'

Finally,wehaveobtained.thefollowingfourpairs,ofparametricequa-
tions, representing our tangential contacfcïróular'charts oÎ four variables:

(22) (r,) : xi : xi(tí, a¡), !¡ : yn(tu, ø¡) (i : l' 2' 3' 4)'

3 - L'ôDalyse n[mérique et la théorie de I'approximation - Tome 4' No 1/1975

2 x+z*¡r,ôg*

0t,
0,

ðc*
ôt,

theu both (12) and (13) express the parametric ecluations, with a parameter
tr, of the envelopes'of circles of solutions, representing both l'f)-curve and

llo)-curve. (The sufficient conditiou for the existence of envelopes is rvell-
known [2]).

1'3'

c{r) a1

ilì
? (t3 )

I

I

ì

i

l

(12 )

(1e )

1f'
l¡ig. 2
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where those expressions for i : l,2,3 are the same to (2), and, one for
i:4 to (21).

Rentørlt, 1. F'our special cases of tangential contact circular charts,
rvhen ø families of curves are degenerated. into ø curvilinear supports, where
tt, -- 1,2,3, 4, respectively, are easily obtained. from our theory of this
section (Fig. 3 - Fig. 9) ; and. the case üor n :4 is nothing but the Ogura's
concircular chart (Fig. 9) i3l.

Example 1. Construct a tangential contact circular chart of the
relation

(T¡)

+(o)l3
1g',

¿(!l
Ë2

¡ll)

+,c)a)

(T¡)

(23) tr-tr:h-tt.

Let the parametric equations of (lJ-, (t2)- and (lr)-curves be

(24) (t,): x,: o,¡l^12, yn : ",IJI ¡ t, (i : 1,2);

(25) (t"): xr: qrl42, !s: - "nl^f2 ¡ tr,

whcre un (i : l,2,3) are the curve lengths of (ln)Jines (i : '1,2,3), respec-
tively.

(Tr) 
Ts

í iji

rO)

(14)

îig. 4

4

(1r) f3

(ta) (1¡)

¡t2 s
I

¡.

1o 2 l+

(le) tTz )

(1q)
(t.r)

Ifig. 5

Fig. 3
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Prrtting ",iJi 
:9, (l : l,2,3) in the abo'e exprr:ssions, 't't'e irave

(26) (t,): x,: þ¡, !¡: 9¡ -l- t, 
,(i 

: I' 2');

(:27) (t"): xr: þs, !s: - {3' * l.'

substitutiug (26) and (27) into (a) and (5), \ve get the following system
of cqi:itions rvith t'-nknoltrs g, f' c i Pr, P:, 9r:

(28) 9T + (P' lt,)'I2þ;st2(þ']_t)f -lc:0 ('i:t,2)'
(2e) 0i * (Ê' -t")'*2þ's-2(þ"-t")Í-lc:0,
(30) 9'*(fl'+t)+s+f:0 (i:1,2)'
(31) 9'Ì(9'-t') +s-Í:0;
and the con<litior-r (6) is sa'Lisfied.

Soirring ttris s).stem simultaneously, we get

s : + 
(t, - t,), Í : - | {t, + t"\,

Solving (23) rvith respect to lr' we have

(36) tt: tt - t, I tn'

and substituting this expression into (34), and. then putting tL : t\o\(: corrst'),

tL: ty(: const'), rve get

(s7) xz+yzt(t,-{f\*- (¿Í') + lf\v +itt'l'' - t,i-ztt.,))'+

+ At!'l\tz]l :0'

Differerrtiating(37)partiall¡'.rvitlrrespecttol,,¡rnclclirujnatingl,flotrr
thus obtained cxplelsiorr aud (37), rve have

(38) E(*, y; ll'), ,!o)) :3t:2 + y'- (4x + l!0) - ll0)) x - (tf\ * t'ft)5t i-

+ l!o)¿in) : o'

It is easily seeu that the abovc cxpression is rclvritterr as

(39) E:(!- tç- tlo))(Y+ x-trfi):0'

Ilence, from (39), an expression of straight line

(40) Y:xlt\o\

shorrs one envelope of circles of solutions, and this is.nothing bttt.thc
ä;;¿;rl; (z+l t"í1 : l; l"a also an expression of straight line obtai'e<l

frorn (39)

(41) Y--x+tfl

rearcsents another envelopc of the same circlcs of solutioils, rvhich is just

;i'^;:i;i'"ä';;;h1';å r1"-"i a ramilv or curves (rJ (!"ig' 10)'

Replacing 4o) by tnin (41)' \'e have a pürarnetric equation of the fourth

family of curves (ún) as follows:

(42) (lJ: xn--þ+,)t¿,:-þni-'tn'

lr,here þr: nrl^12, and øn represents the curve length of lo-1ine'

,

li

ì

ll

¡

(32)
c : 1{(t, f tz -.zh)z + Btzt'},

or

(33)

s : + þ" -- t^), Í : - | v' + t,),

, : +{(,, -l tz - 2h)2 + Btlrs}.

II{incc bii,: cquaiit;n of thc circles oI solutioirs, (3) .is shown by

(34)

x2 +J.t f (r,- t")x- (tr+t")y ++{(trt t2-2tz)2 +Br,r3}:0,

of

(35)

x, -f !, I (t, - t")x - (r. -f l,)y ++{(,, * t2-2t3)2 + B'1f5}:0

Ëirstly, u'e treat the first expression (34)
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v
whefe again 

-P¿ --^"t1.J2, and ø, represents the curve length of l¿Jine, respec-
tively (i : 1,2,3, 4).

We must remark here that the second expression (35) is not satisfierl
by the condition (15), and therefore we cannot obtain the second. tangential
contact circular chart.

h

3. Tangential Contact Cireular Charts of Six Variables

Given the general functional relation

(44) Fr, . .. uo(lr, t2, ..., t5, ts) :0,

where F. r. . . uu is a real continuous function of six real variables 11,t2, . . ,, tr,tu.
I,et us assnme that the above expression is separable into the following

two equations

(4s)' Írü o(tr, t2, t3, to) - 0,

gn uu o(to, t5, t6, to) : 0,X (a5),

u,here lo is a parameter.

Firstly, for the first expression
pairs of parametric equations adeq

(46) (t) : x¡ : x;(t¡, ø.¡), !¡

(45)r, we assume the following three
uately, as similar as the case of (2) :

: !¿(t¡, d¡) (i : 1,2,3).

Then, from the theory of the preceding section, we have the following
fourth family of curves (úo), which need not have the values of indices:

(47) (to): xo: xo\o, æo), !o: lolo, do),

Thus the first partial chart has been drawn.
And then we again assume the following three pairs of equations adc-

quately for the second expression (45)r:

(48) (t): xu: x¿(t;, a¡), !¡: !;(t¿, e¡) (i:0,4,5),

Fig. 10

Iìence our four families of curves consisting of tangential contact circular
charts; are shorryn b1'

(26) (t,): x, : 9,, !; : þ¡ I t¡ (i : 1,2) ;

(43) (t¡): x¡ : þ', j¡ : - þ¡ * t¡ (i :3, 4)'

where the above expression for i:0 is, of course, identical with (47).

Ilence, again from the theory of the preceding section, we finally obtain
the equation of the sixth family of curves (lu) as follows:

(4e) (tu) : xu : xr(tu, au), la : !u(la, eu)
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Exprcssions (aB) together with -(49) is the one
chart, ánd both the first and second partial charts
tangential contact circular charts of six variables
functioual relation (44).

Method of soltrtioir o{ this double tangential c

easily seen in F'ig. 11.

Ii x a rn p 1 e 2. Construct a double tangential contact circullLr chart

v t:-/

¡r*\

of the relation

(50) tr-tr-trItr:ts-tt

Rervriting this cxpression, we have

(51)r tt - tr: tt - to,

(õ1), t^ - tu: to - te,

rvirere lu is a Parameter.

(13 )

x

(ls )

t¿
(14)

$z) ¡l5 t,+

tc

¡l

(16 )

(1r)
+r6

1o
rrig. l2

(lo )

rrig I I
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Astlreseexpfessionsafesimilaftotheexpres.sio[(23).disctrss,edin
ti*^-õr"'i,;"-Ãii,iir"u,," itrã iolto*ittg seven paiis of parametric eqttations :

(52)' (t,): x, : þ¡, )'¡: Þ; * t, (i : l' 2' 4' 5);

(52), (t¡): x¡ : þ¡, !¡ : - þ¡ * ti (i : 0' 3' 6)'

, and oco represents the curve length

'i"6ìg"rrtiut 
contact circular chart of

b:3, t":7, t4-- -2, t5: - 10,

s to: -7'
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I,et (X, d') be a metric space and øo a fixed point in X''l'he set

(r) xf : 
{1, 

x ' n, ',Xyt!JT#l < *' f (xo) - 0i'
r'YeX

r,vitlr the usual opefation of addition and. multiplicatiorr by real Scalafs,

normed by

(2) il/il":'tr,t+#,.f =xf,
v,!ex

ìs a Ilanach sÞace (even a conjugate Banach space [2])'- - 
d;,p.lä xtt'plays, rvith iespectto X, inmanyways, the salne role

as the conjugat" ¿i oi a normed linear 9Pace. -E' s'ith respect to E' In
îftf. p.p"t Ç3 gi.'" further details in this direction'

ßo, Ø+YçX and x = X r've denote by ct(x' Y) the distance f.otn x
to Y, i.e.

(3) d(x, Y) : Pl d(*' Y)'

Proposition 1' Let Y Cx' xo eY øncl' %t e x -Y such tlt'øt

(4) d(x,,Y):q>O'


