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0. Introduction. Iet X be a nonempty set. By definition, a generali-
zed metric on X is a mapping 4: X X X — R” such that
(i) dx, v) >0, Vx, vy X and d(x, y) =0 < x =y;
(ii) d(x, y) =d(y, ), V¥, v e X;
(iii) ©  d(x, ¥)'< dx, 2) +d(zy), Vx, y, 2 e X.

By a generalized metric space we mean an entity (X, d) consisting
of a nonempty .set X and a generalized metric @ on X.

Exemple 1. X =R, d(x, ) = (2 — 31l -0, 1% = 5,
Exemlble 2. X=C([a, b])’ Rn)’ d(f’ g)=(||f1 i glllc[a,b]’ s ||fn—gn'”c[ﬂ.b]'
Exemple 3. X = C([a, b], B2), d(f, &) = (1fi — &llctaps I fz — Lallzxan)-

Several fixed point theorems are known (see [1]—[3]), [5]) for
mappings in generalized metric space.

In this note we prove the following common fixed point theorem

tHEOREM 1. Let (X, d) be a complet generalized metric space (d(%,) =
< R¥ and f, g:X — X two mappings for which there exists 4 e M,(R,),
(I — A)"1A]* -0, when # — 40, such that .

df(x), ) < Ald(x, f(x) + Ay, g(¥))], for all x, y X.
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Then
(a) Fy=F, = {x%}
(b) for each %, e X, the sequence (%,),ery defined by
= (8/)"(%0), %znt1 = [(%2,)
converges to x* and
d(x,, 2*) < (I — A)I — 24)7[(I — A)7*A]"d(%0, %1)
(c) for each %, € X, f"(x,) — x*, g"(%,) — #*, when # —c0 and
A(f (%0), #*) < (I — A)I — 24) (I — A)2A]%d(%0, f(%0)),
(g (%0), #*) e (I — A) I — 24) 7 [(I—4)*A]"d(%0, £(%0))-

(d) Let %#:X — X be a mapping which approximates the mappin
and s: X — X aproximates the mapping g, and pping /

A(f(x), Mx) < u, V& <
d(g(x), s(x)) <m, V& e X
If y, = h*(x,), then
Aym 5*) < (I — A)I —24)7 9 +
+ 20 — Y[ — A AT f(50) +
+ (I — A)I —24)7 (I — A)*ATd(%0, f(%0))

(e) If £, &4: -vX, are such that f, 3f, g, 3¢ and a, «Fp,
b, e F;,, then

4y = %%, b, — %*, when # — 00
1. Proof of theorem 1
(a) + (). Let x4 be any element.of X. We have
A(%1, %) = A(f(%o), &(%1)) < A[d(xo %1) A= (%1, %) ]
and
A(%y, %) < (I — A)72Ad(x, %1).
By induction
A%, %) < [(L — A) 1A J"A(%0, %,).
Hence
A%y Fnyp) S (I — A = 24)7 (T — 4) AT (%0, %),
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which implies that the sequence (%,)ner1n 18 fundamental. Let x* be the
limit of this sequence. We have

* e FyN\Fy=F;=Fg = {**}
and
d(x,, x*) < (I — A)I —24)7 [ — A) T A%y, %)
(c). Ve have for all ¥ e X: ’
d(f(x), f2(x) < A(f(x), glx¥)) + d(f*(x), g(x")) <
< A[d(x, f(%) + d(x*, g(x*)] + ALA(f(%), f2(x) + a(x*, g(x*)] =
= A[d(x, f(x)) + Ad(f(x), [*(x))].

‘Hence

d(f(x), (%) < (I — A)74d(x, fx), V& = X,
this implies
A f"(%0), [r(x0) < (I — A)I — 24)72[(I — A)*ATd (%0, fl%o))
and the sequence ( f”(%o))nE [ is fundamental. Let %} be the limit. We have:
d(fY(x0), 8 < (I — A)I — 24)7*[(I — A)*AT"d(%o, f(%o)-
On the other hand from ' '
d(f"(xo), **) < Ad(f*=}(x0), ["(%0))
we have '
Hm f*(%,) = x* = af.
In a similar way we prove that the sequence g"(%,) converges to x*.
(d). We have:
AP 7% < AP [(%0) + AL (%)) #¥),
AW (%) < 1+ Ag(yn—1), [7(%0)) <
< 0+ Ad(Ya_1)8(Yn-1)) + AT %), [ (%o
and
Ay €(7) < (I — A)74(y,, (%) + Ad(f*= (%), f"(%a))-
From  these we have by induction
AP fH(20) < (I — AT —24)710 +
+ 2(n — 1) [(I — 4)7rA)"d(%o, f(%0))-
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(e). We have L
day x%) = d(fy(@), f(¥)) < d(ful@n), () + dlfla,), g(x¥) <

< d(fl(a,), fla,)) +4[d(a, fa,) + dx*, g(x*)] <
< (I + 4)d(ffa,), flam)

and d(a,, x*) — 0, when #n —o0.
In the similar way we prove that

b, — x*, when # — .
2, The case when d(x, y) = R. In the case when d(x, y) « R from

theorem 1 we have:

THEOREM 2. (X, d) be a complete metric space and f, g : X = X

two mapping and « = [0_, %[ If

A(f(x), g(¥) < «ld(x, f(%)) + Ay, g(¥)], V%, ¥ = X,
then ‘ T
(i) (Kannan) : F; = F, = {x*}

(i) (Kannan): For each x, « X, the sequence defined by
%on = (£F)"(%0), Xans1 = J(¥2n)

converges to x* and

A %) < 12 ]"d(m %)

1—2¢|l—a

(iii) (new result): For each %, = X, f*(x,) — &*, g"(x,) — x* and

d(f7(xe), x¥) < ——2 [ i ]"d(xo, F(%0))

1—2a|1—a

1—2¢|l—a
(iv) (see [4] and [6]). Let %, s: X — X be such that
Af(%), Wx) < v ¥z eX
dg(x), s(#) <n, Vx X
If 5, = K(x0), fo = "(xy), then

Ao %) < 750+ 200 — 1) |2l S +

1 — 2a

A, ) < 2o [ g(5))

+ ““[ ] dtwo, fx)

W 1 -2 |1— «
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Az 7¥) <5+ 2n—1)

|t glxo) +

+ 1‘°‘[ - ]”d(xo, g(%))

1—-2a|l—«
(v) (see [51). If £, &,: X — X, are such that
fuo3f g, 3¢ and a, « Fp, b, = Fy, then
a, = x*, b, — x*, when # —

3. Open problems. Is theorem 1 true for the mappings which satisfy
one of the conditions

(1) (d(x, y) e R). There exist «, B e Ry, a + 2 < 1, such that
Af(x), g() < ad(x, y) + Bld(x, (fx) + 4y, &(¥))]
(2) (d(», y) « R). There exist «, B, ye Ry, « 4 20 + 2y < 1, such that
A(f(%), g(9)) < od(x, y) + BlA(x f(#) + aly, 6] +
+ v, &) + dy, f(%))]
(3) (d(x, y) = R*). There exist 4, B, C e M,R}),
[(I-B—-C1t4+ B+O)" — 0, when # — o0, such that
d(f(x), g(») < Ad(x, y) + Bld(%, f(%)) + d(y, g)] +
+ Cld(%, () + A, f(x)]-
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