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AN INTEGRAL INEQUALITY

J.PECARIC, 1. RASA
(Zagreb)  (Cluj-Napoca)

1. Let fand g be integrable functions on [, 5] such that m Sf<M,m,<g<M,
where m,, M, are real constants. H. Griiss [4] has proved that the following
inequality holds:

(1) lT(f» g)l < —(My - my) (M, - my)

N —

where 7(,£)= A(fz)~4()A(g). AUN)= = [ 1(x)a.

The constant 1/4 is the best possible.

P. L. Cebysev [3] has proved that if fand g have bounded derivatives on
[a,b], then

b - a)
@ i) s Ch s (7] s [

12 fas) [a.]

Mean-value theorems for T (f; g) and applications to Korovkin Approxima-
tion Theory are given in [2] where more general positive linear functionals A are
considered; see also [1]. -

In this paper we present a generalization of CebySev’s result. An analogous
result is given in [6] (see also [8]).

2.Letc>0and A2 1 be real numbers. Let p be an integrable function on
[a,b] such that ¢ < p(x)< Ac forall x € [a,b].
b b
Denote A(f; p) = J.a f(x)p(x) dx/L p(x)dx and T(f, g; p) = A(fg; p) -

—A(f; p) A(gp).
Let n = 1 be an integer.

THEOREM. Let fand g be real functions on [a,b] such that f("‘l) e Lip,0.,
g("‘l) e Lipyo, where M, N>0and 0 <a. < 1 are given constants. Suppose that
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3). .f(")(a“;b)=g(")(“;b)=o; 15 7 =

(If n =1, one considers that /@ = fand condition (3) does not exist). Then we
have

4 2
AMN s 2o04+21r—2 n-1 |
T p) <
(4) I (f,g,p)| l-l-2a+2n—2[ 2 ) {nou—i]

Proof. First, we observe that

(s ==
( ) p(t)dtj
5 LbP(f)lf ()~ A(f: p)\zdt pr(z)

1
Uﬂbp(z)dx)

a

fbjﬂ(f)(f(l) —Af: p))(f(z) s f( o bj Jd,

<

f0)- 1 “”’)‘ di =

1 b A
s rrn) o= 1 42| e
[ plr)ar g 2

Therefore we have

T( o TN L 1 g a+b ;

®) (o fop) £ e [ PO SO Al | 4
j p(t)de ™

On the other hand,

(6) -M|1 —a—%—é‘ < 0 < M1 -2 ; o[

' - ‘ a+b a+ b
Using (3) and successive integration of (6) on I:X, > } and [ S X],

gMﬁi l]x

we get

o+n-1

R R a+b’
/) f(z) La+i 2 |

Let ¢ be integrable on [a,b), ¢ < < Q. Denote p = A(p). J. Karamata [5] (see

(7

- - -
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also [7]) has proved

A(Q-1)+ Q-9 _ 9@+ - 4)
(T E P R AL Py g

Using (5), (7) and the second inequality of (8) we get

2
Wz b ¥ 20+2n-2( n-1 1
T s p) < '
®) (/> /3 p) A+ 20+ 210 -2 ( 2 ) Ha+i

(8)

Since it is known that

(10) 7(/, & p) < T(f. £ ) T(2: 2 )

it remains only to combine (10) and (9) for fand g.

n-1)

COROLLARY. Suppose that f("—l) € Lipy1, g( € Lipyl and

f(k)(a;b)=g(k)(a;b)=0, 1<k<n-1.Then

MN(b - a)”"
Ve (n !)2(211 +1)

The constant 1/2*" (n")*(2n+1) is the best possible.

Indeed, if
M{{a+b " a+b
- -x|, xe€la
nl 2 i 2
M a+b)" (a+b
—|x- | Taaxne , b
n! 2 2

Nf{a+b . a+b
—_ -x!, x¢€la
nt\ 2 2
g(x) =

N( a+b)" [a+b
—x - ; x € sob
n! 2 2

then the equality in (11) is valid, i.., the constant cannot be improved.

(11) (1, 8)| <
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