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APPROXIMATION BY SPLINE FUNCTIONS OF THE
SOLUTION OF A BILOCAL LINEAR PROBLEM

COSTICA MUSTATA

In the last years the theory of spline functions has become an important tool
in the numerical solving of some problems for differential equations (see, for in-
stance, [1], [2], [4]).

In this paper we shall define a space of spline functions of degree 5
which can be used to approximate the solution of a bilocal linear problem,

Let n > 3 be a natural number and let

Ap=o0=l <a={<t,;<..<t,=b<t, =+
be a division of the real axis. ;
Denote by S (A,) the set of all functions s : R — R having the following
properties:
1%se C* (R).
20 s P I, =1t 1, 1), k=1,2,.. n.
3°s|106 &, sy, € P, Iy = (1, ) Ly = (2, 1,)).

THEOREM 1. If's € Sy(A,), then

3 n
(1) s(t)=ZAiti+Zak(t—tk)i, teR,
i=0 =0
where
) Zak =0 and Zaktk =0.
k=0 k=0

Proof. Lets e S(A,). If £ > b, then sM(f) = 0 so that

n

n
0= S!Zak(t —tk)+ = S!Zak(l‘ - tk)+ because
k=0 ' k=0
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(t t) 0 for t <t
Ko " li—ty for t21

n ]
Consequently ¥ a, =0 and D a,t, =0.00

k=0 k=0
THEOREM 2. a) If f: R —> R verifies the conditions
(3) f(a)za]’f(b)zBl)f"(tk)=>"k: k=0’ 1?"') n,
then there exists a unique spline function s € Sy(A,) such that
@) sfa) = oy, s[b) = S5 sj'»'(tk) =Ap k=0,1,...,n
b) If h: R — R verifies the conditions
%) ha) = o, B'(a) =B, h"(t) =pp k=0, 1,..., m,
then there exists a unique spline function s, € Sy(A,) such that .
6)  s@) = oy, s4(a@) =By, 5, (1) =y, k= 0, 1,..., n.

Proof. a) Using the representation (1) and taking into account conditions (4),
we obtain the system

2 3_
Ayt Aja+ Ao+ A’ =,

n-1

5
Ay+ Ab + A,pH A3+ Zak(b ;Y =By,
k=0
n
3 g
(7 24,+64,4+20Y a(t; - tk)+ =%; j=0,n

k=0

n n
Zak=0; ZakthO
k=0 k=0
of n + 5 equations with n + 5 unknowns: 4y, 4;, 4,, 4,, ay, ay,..., a,,.
The system (7) has aunique solution ifand only if the associated homogeneous
system (obtained foro., =B, =0,1,=0, k=0, 1,..., n) has only the trivial solution.
Suppose that s € S(A,) verifies the homogeneous conditions (4) (i.e.,
o, =B, =0,A'=0,k= 0, 1,..., n). Then we have

[0 a = L 890 (sm@)ae = =[O0 @) =
= —Z Itk S(S)(z‘) - 5™ (t)dt = —i ckjtk s"'(t)dt =

=1 et k=1 e
n
Lt N7 Ck[S" (tk) -~ (tk—l)] = (,
=1
where ¢, = sO®) |, k= Ln.
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It follows that s@ = 0, for all € [a, b]. Since s € Z; on Jyandonl . and
s € C4(R), it follows that s (¢) = 0 for all ¢ R, implying s" € . As s"(#) = 0,
k=0,1,.,n (n=3)we conclude that s"(#) = 0 forall 7e R. e
Finally, taking into account the equalities s(a) = s(b) = 0, one obtains s(f) =0 for
all & R, implying that all the coefficients in representation (1) are null. 'l_"hls shows
that the homogeneous system associated to (7) has only the trivial s_qlutmn.l
Assertion b) can be proved similarly, supposing that the function s given by
(1) verifies conditions (6).0
COROLLARY 3. There exist the systems of functions
P= {54 81> Sgp Sppos Sy} © Ss(A,),
U= (uy t, Up Upyeons U)c S(A,)
verifying the conditions

sola) =1, sy(b) =0, 5"t =0, k =6,_,—1,
s,(@) =10, 5,(b) =1, 5"(t) = 0, k =0,n,
S(a) =0, Sb) =0, k =0,m; S,"(1) = 8, b J = 0,7,
ug(a) =1, ug(a) = 0, u,"(t) =0, k :6;,
u,(a) =0, uj(a) =1, u"(t) = 0, k:ﬁ;,,
U (@) =0, Ug(@) = 0, k=0m U.'(5) =By, b,J = O,n.

Iffh:R—>R verify the conditions of Theorem 2, then the functions s fand
s, admit the representations

© s =al) @ s 10)+ S 5(0) (1) 1 €R
k=0

o al)= () Ha)+ m()- H )+ S U)Kt € R
k=0

Remark 1. By Corollary 3 it follows that the set Sy(4,) is a (real) linear space
of dimension n+3 and Fand A are two bases in S(A,). .
Some properties of the space Ss(A,) will be presented in what follows.

Let

4 g:[a,b] > R, g" abs.cont.on I, k=1n
VV A =
(10) ) (84) il g(4) e L[a, 1]

3
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(11) Wo.r(An):={g €W (808" (1) = f7(sy), k= 0,7},
(12)  Wayn(An)i=1g W3 1(A):8(t0) = Slo), glt,) = e}

3)  Wiac()i={g e Wii(a,):glt0) = Hio) &' (1) = (1)}
Then we have

THEOREM 4. a) If's € Sy(A,) N Wy, 5(A,), then

W s

b) Ifses. 54, N W24;, c( ) then

2fD(A )

(15) ) L S“g(“)ﬂz, Jor all g Wy, o(A,).
Proof. We have
- ol Aol
= J'a [g(4)(t)] dt - fa [s(4)(t)] de - zf:s(4)(t)[g(4)(t) - s(4)(t)] de.
But

[0~ O]ar = O efen) - sm
[ s 0fem () - s (0]t = - [ s90)gm(t) - ()] ae =
==L ] ‘ SO g" (1) - 5 (1) dr =

=200 ICA [8’ (1) = 8" (t4) = (8" (t4y) - 5" (’k—l)_)] =0,

where ¢, = O L k=1,2,..,n
k
2 2
It follows [lg(* o= £ i >0, which is equivalent to (14).

Inequalities (15) can be proved by a similar argument, [J
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THEOREM 5. a) If fe W,X(4, ) and s, Sy(A,) verify conditions (4) from
Theorem 2, then

(16) s O <l @ A o a5 e ss(a,)
2 2
b) If he WHA,) and 5, € Sy(A,) verify conditions (6) from Theorem 2, then
(17) sg4) KW <[ - h(4)“ , Jor all s 85(A,)
2 2

Proof. In order to prove (16), we use the identity
|5 - f(“)”z = ["[) - s§:‘>(¢)]2dt + [0 - f(4)(t):|2dt ¥
w2 [s90) - 20| [ - 790

and prove that

T = j [ - ] [s(;)(t)— f(4)(t)]dt =0,

Indeed, integrating by parts, we find

r=[s90 - 0] [0 - ] -

a

_J'ab [S(S)(t) 3 SSf)(t)] [ () = (e )] ~
= 3 o) 4 () - 0] - [ () ] =

where ¢,(s) =50 — s, te [, k= 1,n. (We have used the fact that (s —s (9)(a) =

= s ()= 0)
Therefore,

2

Sm f<4>“ ,

2

-]

) _ )

(18) 5

implying that inequality (16) holds.
Similarly, in the identity

- j” [,5'(4)0) —I sg‘”(t)]z di + L” [SE;‘) (o) - h<4>(¢)fdt :
+2J. [ - sh :I . [s;(f)(t) = h(4)(t)] dt

we have (integrating by parts)

(@ _ @
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0= Jbl:s(4)(t) - S§z4)(t):|'[si(’14)(t) o h(4)(t)_ 4 = 0y

a

implying that

2 2

+
2

8

@) _ 4@

FONIC N KOO

Sh

*) 2
From this equality it follows (17). O

[

COROLLARY 6. Iff, he W} (A,) and 5p 53, € S5(A,) verify conditions (4) and
(6) from Theorem 2, then

@ Z[l@F L@ _ @
(19 ARl 3 IR VAR
2 2 2
(20) ”h(4) ] o '5'1(14) 2+Hh(4)—~s,(,4) E
0 <‘ (4
@ 9 <[],
22) ste) s’h“" ,
2 2
@ _ @ <H ()
23) n 1<,
24) ”h(“) - < ”h(“) B
2

Proof. Equalities (19) and (20) follow from (18) and (*) for s = 0. The
remaining inequalities follow from (19) and (20). O

Application, Consider the bilocal linear problem
(D) y'=p@® y+aq@), te(a, b],

y(@)=a, y(b) =p.

If p, g are continuous functions on [, b] and p(?) > 0, f € [a, b], then the
problem (D) has a unique solution y (see [3], Theorem 10.1, p. 519).

Consider the Cauchy problems

(Cp y"=p@)y+q(1), t€[a, b],
¥(a)=qa, y'(a) =0,

(C) y" = p()y, L€ a, b],
¥(a) =0, y(a) = 1.

The Cauchy problems have unique solutions y,, y,, respectively (see [3],
Theorem 5.15, p. 263), and the function

(25) y(t) = »(t) + ﬁ———yl—(lﬂyz(t) with y,(b) # 0, ¢ €[a,b],

}’2(b)
is the solution of the problem (D) (see [3]).
Applying Theorem 2b) to the solutions y,, y, of the problems (C), (C), it
follows that there exist the functions s, 5, € §5(A,) such that '

8y (a) = a, o4 (a) =0, 8", (te) = »" ()

k
**) 5,,(a) = 0, s, (a)=1, &, (5) =% (1) k=0m.

~ We call the functions s, syzspline solutions in Sy(A,) of the problems (C)),
(C,), and the tunction

(26) Sy(t) =5y, (l‘) +B_;;E(ylb_()lﬂsyl (t), SJ’z(b) 0, t e [a, b],

is called a spline solution in S4(A,) of the problem (D).

THEOREM 7. Consider the problem
© ' =p@)y +q(®), tela, b

y(a) =a, Y@=,
where p(t) > 0, t € [a, b] and p, q are continuous on [a, b}. .
Ify e Wj(A,) is the exact solution of (C) ands, e Sy(A,) is its spline solution
(¢f- Theorem 2b)), then we have

o) s, |, < V2l

2’
where "An" = m,ax{t,; — k= fr;}
Proof. We have
Y'()-s"y () =0 i=0n

so that, by Rolle’s theorem, there exist tfl) e(t.,t,.+1 ), i=0,n—1 such that

i

o (r,(l)) ~ s (t§‘)) =0, i=0n-1
0 (0 0

Applying again Rolle’s theorem, it follows the existence of 4 E(l,« N ),

) 49()=0. 105

1
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The inequalities

{2 4

i+1

t,(i)l ! < 2”A ” and <3jA

n

hold for i =0,n—-2and j = 0 n- 3, respectively,
For every ¢ €[a, b] there is an index i, € {0, 1,..., n—1} such that
‘f ) l = 2"A " so that, taking into account (24), we have

’ym (Z) v, Smy (t)’ L, J.t;;) (y(4)(u) £ s§,4)(u))dll
/2
| ’J:(l) [y(4)(lt) (0 S§)4)]2du 172

- ([ [0 - o) a
< \/5 i "An”l/2 1 ”y(4)

Similarly, for every ¢ € [a, b] there exist Jo€ {0, 1,..., n — 1} such that

<

<

1
i1
< |I.
< ’J:(l) du
i

172

>

lt - z(/i)) < ”An" implying
o S A o

IW'W;MA

It follows that inequality (27) holds. O
COROLLARY 8. [f'y € W,(A,) is the exact solution of the problem (C), then

(28) =], < V(o - affa -y

<

Proof. For every t < [a, b] we have

\y(z‘) - sy(t)l = J:(y‘ (u) -5, (u))du

=0-0) )

00

and

(0=t (0] = [ () - 7, (1))

From these inequalities and from (20) we obtain (28). O

s-aprs,

o0
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Remark 2. From the proof of Corollary 8 it follows that the inequality
) 3/2 4
@) s, < ¥2(6 - -,

holds, too.
The approximative determination of the values of the spline solution s, of the
problem (D) on the nodes of the division A,

First observe that the exact solution y € W,%(A) of the problem (D) and its
spline solution s e Ss(A,) given by (26) verify

90~ 5,(0] - ‘ym 220 -0 - 20 m(x)‘ <

J’2(b)
< b - sy o280 - 2, <t>|

for every ¢ € [a, b), where s, and 5, are determined by the conditions (**).
Using (28), we obtain
B-n(b) 5—Sl(b) 312
=+ ofla),
yob) s, (b)

b©)=s, 0= olls™).

a) The approximative determination of the solution 5, on the nodes of the
division A,
Representation (9) yields

5, (8) = uo(t) 0‘+ZU/¢ V() =

showing that

= uo(t '(X,+ZUk 14 [p tk yl(tk)+Q(tk)]
: k=0
Letting Bl
Vi =5,(8), i=0,n,
e :=y(t) - syl(ti), i=0,n

one obtains the system

y B uo a+ZUk [ tk er +Vk)+q(tk)]
k= 0

ot + ZUk [ b )Vi + Q(rk)] ¥ O(”A ”3/2>

T.
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The approximative values of the spline solution s, on the nodes of A, are the
solutions v_of the linear system

a+ZU [ t, vk+qtk)] i=0,n

b) The approximative determznatzon of the solution s, on the nodes of A,
%
Using again representation (9), one obtains

= (1) + ZUk -y (t) =

n

= uy(t Z ) va(t).
Letting i
W= sy, (), i=0,n

€= yZ(ti) i Syz(ti)’ 1=0,n,
it follows that w, are the solutions of the system

ZU p(t Jwe +O(|a, ).

Therefore, the approx1mat1ve values of s, (t) can be obtained from the linear
system

wk, i=0,n

(30) w; =uy(t ka

The approximative values of the spline solution 5, €84(A,) on the nodes of
the division A are given by

B-v,

n

W,‘, [ = O,n.

(31) sy(t) = v +

A numerical example. The problem
(D) y"=4y, te[0, 1]

y0)=1, y(1)=e?
has the exact solution y = e,

The associated Cauchy problems are

(C) Y'=4, te[0,1]
»0)=1, y(0)=0
(G) y'=4y, te[0, 1]
H0)=0, y(0)=1

11
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and have the exact solutions

Forn= 5, let

=02,¢,

yl(t)z_ 2 +e—21]

b [ 26 10 m2F
yz(t)—4[e e ]
=04,4,=06,1,=08,1,= 1},

Usmg representatlon (1) one obtalns Table 1 for the coefficients of 5,

and s,

Table 1

n=>5 Sy Sy,
Ay 1 0
4 0 1
4, 2 0
A 0.1576268148 0.6678202118
ay 0.8446081893 01257524863
a; —0.6853940844 | 0.07800170745
a, —0.6014825811 | -0.1770186129
a3 3.020199906 0.7804651905
a, -5.717416684 ~1970643804
as 3139485253 1163443033

For the values of s , on the nodes of A,, one uses

s,(t1) =3, (1) +

Sy; (l)

RS

syz(t,- ), =0,

Table 2 contains the values s,(1), i= 0,5, and the errors

Ei = b)(t,) . sy(ti)l’ 1= 0’5.

Table 2

t, s,(t) E,

0 1 0
0.2 06708587727 0.5387267-107
0.4 04506125215 0.12835574-107
0.6 0.303315766 0.21215541.107*
08 0.204249434 0.2352916-107 |

1 0.135335284 08-107
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