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ON THE RATE OF CONVERGENCE
OF BASKAKOV-KANTOROVICH-BEZIER OPERATORS
FOR BOUNDED VARIATION FUNCTIONS
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Abstract. In the present paper we introduce Baskakov-Kantorovich-Bézier o-
perators and study their rate of convergence for functions of bounded variation.
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1. INTRODUCTION

Let W (0,00) be the class of functions f which are locally integrable on
(0,00) and are of polynomial growth as t — oo, i.e., for some positive r, there
holds f (t) = O ("), as t — co. We consider the Kantorovich variant Vj, of
the Baskakov operators associating to each function f € W (0, 00) the series

(1) Va(fim) =S vpsrp (2) /] fdt,  ze0,00),
k=0 k

where I, = [k/n, (k+ 1) /n] and
v () = ("R (L4 2) R

Note that the operators are well defined, for sufficiently large n, provided
feWwW(0,00).

We mention a slightly different definition for the Kantorovich variant V" of
the Baskakov operators, given by

(2) Vi(fiz)=n)d vnk(x) [ f()dt,  z€[0,00),
k=0 Tk
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(see, e.g., [3, Eq. (9.2.3), p. 115]). The former definition (1) has the advantage
to satisfy the relation

(3) %Vn(va) = Vn(f,SU),

where F' = [ f is a primitive of f and V], denotes the ordinary Baskakov
operators given by

2= > v ) £ ().
k=0

In the present paper we introduce the Bézier variant of the operators
For each function f € W (0,00) and a > 1, we introduce the Bézier type
Baskakov-Kantorovich operators Vn,a as

(@ Vaalfi) =n 3 Qi (@) [ £(o)ar
k=0 k

where
Q) (z) = IS4 (2) = ISy (2)

and
z) =Y vnj(2)
=k

is the Baskakov-Bézier basis function. It is obvious that Vn,a are positive
linear operators and Vi a(l;2) = 1. In the special case a = 1, the operators

o~

Vma reduce to the operators V,, = Vn,l. Some basic properties of J,, ;, are as
follows:

() ok (2) = Jnptr (2) =vnp (x),  k=0,1,2,..;

(i) T (@) = (n+UwH“;M) k=1,2,3,...;

(i) Jup () = (n+1) %Hkl Hdt, k=1,2,3,...;

(iv) 0<. <Jnk+1()0<Jnk() <...<Jdpi(z)<Jpp(z)=1, x>0
(V) Jn is strictly increasing on [0, 00).

Rates of convergence on functions of bounded variation, for different Bézier
type operators, were studied in several papers, e.g., [6], [7], [8], [I]. In the
present paper we estimate the rate of convergence by the Baskakov-Kantoro-
vich-Bézier operators (4)).

Furthermore, we find the limit of the sequence XA/n,a( f;z) for bounded locally
integrable functions f having a discontinuity of the first kind in = € (0, c0).
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2. THE MAIN RESULTS
As main result we derive the following estimate on the rate of convergence.

THEOREM 1. Assume that f € W (0,00) is a function of bounded variation
on every finite subinterval of (0,00). Furthermore, let a > 1, x € (0,00) and
A > 1 be given. Then, for each r € N, there exists a constant M (f,«,r, x),
such that, for sufficiently large n, the Baskakov-Kantorovich-Bézier operators
Vn’a satisfy the estimate

Vnalfiz) = [3f @)+ (1- 5) f(@)]| <

n ﬂc-l—x/\f
2a)\(1+a: +x Z \/ 7a\/1+m |f :E-f—) | + M(f,oc rx)
k=1 4_ x/f (e

where

0, t =z,
f@)—f(z+), x < t < oo,

f)=fla=), 0<t<uw,
(6) gx(t)—{

and \/Z (g9z) is the total variation of g, on [a,b].

REMARK 1. The exponent r in the O—-term of Eq. can be chosen arbi-
trary large. O

As an immediate consequence of Theorem [I] we obtain in the special case
«a = 1 the following estimate for the Baskakov-Kantorovich operators V,,.

COROLLARY 2. Under the assumptions of Theorem [1] there holds, for suffi-
ciently large n,

Valfi2) = §[f (a+) + f (2-)])| <

n 33+"L"/\[
2)\(1+z +$Z \/ 7\/1+:L‘ ‘f(.%'-i-) |+M(f17“$)7
k=1 4_ x/\f (1)

where g5 is as defined in Theorem [T

THEOREM 3. Let x € (0,00). If f € L(0,00) has a discontinuity of the first
kind in x, then we have

lim Voo(fiz) = gof (@4) + (1 - 55 ) f (2-).

n—o0

3. AUXILIARY RESULTS

In order to prove our main result we shall need the following lemmas.
Throughout the paper let e, denote the monomials e, (t) =t", r=0,1,2,...,
and, for each real x, put ¥, (t) =t — x.
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LEMMA 4. [9, Lm. 1]. For all x > 0 and n,k € N, there holds

Q;alz (2) < @ vy g (7) < ay/ LEE

2enx ”

LEMMA 5. [2, Cor. 3]. For each fized x € [0,00) and m € Ny, the central
moments Vy, (YI'; x) of the Baskakov-Kantorovich operators satisfy

Vo (™ ) = O(n~Hm+D/2])) as n — o0o.

In particular, we have

Vn(eo; ) 1,

Valensz) = a+ 3%,

Vn(egw) = a2 4 2Ena20nrlodl
Va(w2;z) = 220322l

REMARK 2. Note that, given any A > 1 and any x > 0, for all n sufficiently
large, we have the estimate

Vn(¢2$) < )\{E(l‘i’ib)‘ 0

Throughout the paper let

Ko (28) = 1Y Q0 (2) vk (0,
k=0
where X, ; denotes the characteristic function of the interval [k/n, (k + 1) /n]
with respect to [0,00). Given a function f € W (0,00), with this definition
there holds, for all sufficiently large n,

(7) ‘/}n,oa(f; .’13) = /0 Kn,a (m7 t) f (t) dt.
Furthermore, put
Yy
(8) Ao (X,y) = / Ko (z,t) dt.
0

Note that, in particular,
[0.9]
Ana (2,00) = / Ky o (z,u)du = 1.
0

LEMMA 6. Let x € (0,00). For each X\ > 1, and for all sufficiently large n,
we have:

Y
9) Ana (mv y) = / Ko ($>t) dt < A&z(_l;_)g)y 0<y<u,

(10) 1= Apa(z,2) = / Knaxtdt<>‘w(+x), r < z < oo.

n(z—m)>
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Proof. We first prove Eq. @ There holds

Y (z— t)2
.A Ko (z,0)dt < {/ Ko (2,1) 2210
< (z—y)~ 2V, na(w )
S a(m—y)_ n,1(¢x§$)a

where we applied Lemma |4 Now Eq. @D is a consequence of Remark [2| The
proof of Eq. is similar. O

The following lemma is the well-known Berry-Esseen bound for the central
limit theorem of probability theory. It can be used to estimate upper and
lower bounds for the partial sums of Baskakov basis functions.

LEMMA 7. (Berry-Esseen) [4, p. 300], [5, p. 342]. Let (&)pey be a sequence
of independent and identically distributed random variables with the expecta-
tion E (&1) = a1, the variance E (& — a1)2 =02>0, E|¢ — al\?’ =p < o0,
and let F,, stand for the distribution function of > j_, ({x — a1) / (oy/n). Then

there exists an absolute constant C, 1/v/21 < C < 0.82, such that for all t
and n, there holds

Cp
o3y/n’

LEMMA 8. [9, Lm. 3]. Let (&), be a sequence of independent random
variables with the same geometric distribution

t
F,(t) — = e 2 dy

ver | =

z \k
(fl_k)_l-&-x(l—&-x) ) k=1,2,3,...,

where x > 0 is a parameter. Then there holds

E(gl) = T,
E(G-E&a)? = 2+,
El& —E&)P < 3z(1+2).

LEMMA 9. For all z € (0,00), there holds

‘ Z Un+1,k ($)_%‘ < s

k>nx

Proof. We follow the proof of [9, Lm. 5]. Let (&)5—, be the sequence of
independent random variables as defined in Lemma 8, Then the probability
distribution of the random variable 7, = > p_; & is

k

P, =k)= (n+llzil)m =uvnk (), k=123,....
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Therefore, we have

>

k>(n—1)z

Uk (T)

P(n, > (n—1)x)

1—P(n, —nz < —x)

-1 —

_Fn(

Application of Lemma [7] in combination with Lemma [§] implies

Z unk (2) — 3| =
k>(n—1)x
=7 () 3]
S CORETY Ml
<[m () - o [ e+

A

<

Replacing n by n + 1 completes the proof.

4. PROOF OF THE MAIN RESULTS

Proof of Theorem[I} Our starting-point is the identity

f(t)

g f () + (1= g ) f () + DRI

sign,, (t)

+90 (1) + 82 (8) [ £ (@) = 5 f (a4) = (1= 3 ) f ()],

where

201,  t>u,
sign, (t) =< 0, t=ux,
*]-a t < €z,

0z (t) =1,t ==, and 6, (t) =0, t # x. Since 17n7a(6x;x) = 0, we conclude

(1)

Vialfs) = [gef (e4) + (1= 35) £ (@-)]| <
< g f () = f ()] | Vaasion, (1) 2)] + |Vaa(gai @)
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First, we estimate ‘Afmoé(signgC (t);x) as follows. Choose k' such that x €
[k'/n, (k' 4+ 1) /n). Hence,

k-1

Vaa(sign, (t);52) = > (1) Q;a-gl,k (z)
k=0
(a) x (K'+1)/n
k= k’—l—l
> N K41/
= 2¢ Z QnJrl k ( ) + anﬁzl,k’ (1')/ 29dt — 1 R
k=k'+1 @

[e.°]
since Zo Qgi)l,j (x) = 1. Noting
‘7:

(@) *+)/n o @)
0< "Qn+1,k/ (55)/ 2%dt < 2 Qn+1 w ()

we conclude

Vrasign, ()52)] < Z Qi la) 1] + 2 QU o (o)
=k'+1
= |ooe ) — 1| +27 Q) (x)
i ( n+1,k \ L) -

Application of the inequality |a® — b%| < a|a —b|, for 0 < a,b<1,and o > 1,
yields

2 (2) = 1] < 02 [T (@) = 3]

> vk (z) — 3

k=k'+1

Z Un+1,k (z) — 3

k>nx
Therefore, by Lemma [9] and Lemma [4] we obtain

= a2®

= a2¢

a 314z a  avltz Ta-2~ 1tz
(12)  |Vialsign, (1) ;2)| < a2 L g0 i o Tef e
In order to complete the proof of the theorem we need an estimate of

XA/n,a (gz;x). We use the integral representation and decompose [0, c0) into
three parts as follows

(13) Vpalge; ) (/x_x/ﬁ+/x+x/ﬁ+ h )K (z,t) ge (t)dt
n,a\gz; L) = n,a (L 9z
0 z—x/\/n z+z/\/n

= I+ s+ I3, say.
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We start with I. For t € [z — 2/\/n,z + 2/\/n], we have

zt+a/v/n
)<\ (92)
z—z/\/n
and thus
ztz/\/n n  z+z/VEk
(14) LI< \/ (9) S%Z Vo (g2)-
z—z//n k=1 g—2/Vk

Next we estimate I;. Put y =z — x/y/n. Using integration by parts with
Eq. we have

I = /Oy gz (1) diAna (z,t) = gz (y) An,a (z,y) — /Oy Ana (z,t) digz (1) -

Since |9z (Y)| = |9z (¥) — gz (z)| <V} (92), we conclude

T

|11 S\“C/ (92) Ana(z,y +/ Ana ( xt)dt< \/(gx))
y

t

Since y = z — x/y/n < z, Eq. (9) of Lemma |§| implies, for each A > 1 and
n sufficiently large,

| < 7‘)‘2(’;(1;5) \/(gx)+‘m ””)/ =L t( \/ (92 )
) t

Integrating the last term by parts, we obtain

11| < 1+m)( _g\z/ ) 2/01/ (\f_(ia;;dQ

Replacing the variable y in the last integral by = — x//n, we get

z—z/\/n T n—1 z/Vk T
[V e = X [ ()t

t k=172/VE+L 4y
< x2 Z \/ (9z) -
k=1 z—2/VEk
Hence
(15) ] < 220 S\ (g,).
k=1 z—2/Vk

Finally, we estimate 3. We put

G (1) = gz (), 0<t<2x,
Ja 1) = gz (22), 2z <t < oo,
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and divide I3 = I31 + I30, where

[ee]
Iay = / K (2,t) Go(t)dt
N

and -
B = [ Ko (2,8) g2 () = 90 (20)] .
X
With y = x + x/+/n the first integral can be written in the form

Iy = lim {gx W) [ = Ana (@, 9)] + G (R) Pna (2, R) — 1]+

+ /yR 1= Ao (2,8)] degs (t) }

By Eq. of Lemma@ we conclude, for each A > 1 and n sufficiently large,
t

alz(l+z) . V ( ’gg;(R ’

n R—+o00

t
adz(l+x V (996) 2z

In a similar way as above we obtain

2 ¢ » 2 \/% ) _2n 1 x+x/xf
/ (Vo)) <oV () - 0= >V
which implies the estimate
n x+x/\f

(16) |I 2a)\(1+:1: Z \/

Lastly, we estimate I32. By assumption, there exists an integer r, such that
f(t) =0 (t*), as t — oo. Thus, for a certain constant M > 0 depending only
on f, z and r, we have

I35 < anngglk /2 X (£) £ dt

< aMnZUn+1k / Xnk (t) t27dE,
k=0

where we used Lemma Obviously, t > 2z implies ¢t < 2 (¢ — x) and it follows
|132| S 22TO£M‘77L(1/J§T; IL‘)

Because the central moments of the Baskakov-Kantorovich operators sat-
isfy V,(¢27;2) = O (n™"), as n — oo [2, Cor. 3], we arrive at

(17) Iso=0(n""), as n — o00.
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Collecting the estimates , , , and , we obtain with regard to
Eq.

N n  a+z/vVk
> 20\(1 _
(18) ‘Vn,a(g;r§x)‘ < WZ \/ (gz) + O (n7"), as n — oo.
k=1 z—2/VE
Finally, combining , , , we obtain . This completes the proof
of Theorem [II 0

Proof of Theorem[3] Since the function %2 given by ¥2(t) = (t — :17)2 is
of bounded variation on every finite subinterval of [0,00), we deduce from
Theorem 1| that, for all x € (0, ),

; U 2. —
nh_)n(go Voa(¥y;x) = 0.
If f € Lo (0,00), then g, defined as in (6] is also bounded and is continuous
at the point x. By the Korovkin theorem, we conclude

nll_)IrolO Vo,a(gz; ) = g2 (x) = 0.

Therefore, the right-hand side of Inequality tends to zero as n — oo. This
completes the proof of Theorem O
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