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SOME CONCEPTS OF GENERALIZED CONVEX FUNCTIONS (I)

LIANA LUPSA* and GABRIELA CRISTESCU'

Abstract. An extension of the concept of convex function is given in a very
general framework provided by a set in which a general convexity for its subsets
is defined.
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1. THE NOTIONS OF e-(#,C) CONVEX, a-(#,C) CONVEX, PARTIAL e-(#,C)
CONVEX AND PARTIAL a-(H,(C) CONVEX FUNCTIONS

A tendency to elaborate enough general theories of convexity for functions
to include as much as possible known convexity properties as particular cases
arose during the second half of the twentieth century. The generalizations have
as a purpose to unify those convexity properties that have similar applications:
either in optimization or in shape analysis etc.

In this paper we intend to unify as much as possible convexities for functions
from the papers quoted in the references section. This generalized convexity
does not use the notion of cone. It might be useful as a classifier for convexity
properties of functions in the manner in which a classification for convexities
of sets was presented in [3], [4], [5], and [7].

Let W be a nonempty set in which a notion of convexity for sets is defined.
By C C 2 we denote the set of all the convex subsets of W.

Let X, Y be two arbitrary nonempty sets and a function f: M C X — Y.
By gr(f) we shall denote the graph of function f, i.e.

gr(f) = {(z, f(z)) |z € M}.
Let H be a family of functions h : 2X*Y — oW,

DEFINITION 1. Function f: M C X —Y 1is called:

i) e-(H,C) convez if there is h € H such that h(gr(f)) € C;
ii) a-(H,C) convex if h(gr(f)) € C, for each h € H;
iii) partially e-(H,C) conver if there is P C M and there is h € H such
that h(gr(flp)) € C;
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iv) partially a-(H,C) convex if there is P C M such that h(gr(f|p)) € C,
for each h € H.

The “e” letter appearing in the terminology of Definition 1 i) and iii) is
used according to its significance of existence from our previous papers [4] and
[5]. The “a” letter (from all) is used in Definition 1 ii) and iv) to point the
ubiquity, also according to the terminology from [4] and [5].

By analogy, for a set-valued function F' defined on M C X to 2Y\ (), we put

gr(F) = {(z,u) |z € M, u € F(x)}.
DEFINITION 2. Function F: M C 2% — (2¥'\ 0) is called:

i) e-(H,C) convez if there is h € H such that h(gr(F)) € C;
ii) a-(H,C) convez if h(gr(F)) € C, for each h € H;
iii) partially e-(H,C) convez if there is P C M and there is h € H such
that h(gr(F|p)) € C;
iv) partially a-(H,C) convex if there is P C M such that h(gr(F|p)) € C,
for each h € H.

Obviously, each a-(H,C) convex function is e-(H,C) convex. Also, each
partial a-(H,C) convex function is partially e-(#,C) convex. On the other
hand, each e-(H,C) convex (a-(#H,C) convex) function is partially e-(H,C)
convex (partially a-(#,C) convex) function.

2. EXAMPLES OF SCALAR a-(H,C) CONVEX FUNCTIONS

EXAMPLE 1. ((S,s) convex function). Let Z be a nonempty set, S a
nonempty subset of 24, and s : S — 2% a given function. According to
[7, aset A C Z is said to be (S,s) convex if s(C) C A, for each C C A,
Ceb. O

The notion of (S, s) convex function was defined in [2] by means of the notion
of epigraph in a particular framework, which will be described as follows. T is
supposed to be a totally ordered nonempty set, denoting its order relation by
< . Symbol z < y denotes the situation when either x < yorz =y, z,y € T.
Let X be a nonempty set. We suppose that a (.S, s) property of convexity is
given in X x T.

For a function f: A C X — T we define the epigraph by the set

epi(f) = {(z, )| f(z) <t} CAXT.

DEFINITION 3. A function f: X — T is said to be (S,s) convex if epi(f)
is (S, s) convexr in X x T.

Ifwetake Y = T, W = X xT, H = {h}, where the map h : 2X>*¥ — 2W
is given by

h(M) = {(z,u) € X x T | Jw € T, with (z,w) € M, s. t.w < u}

for each M C X x T, M # 0, and h(() = 0, and C is the collection of all
(S,s) convex sets in X, then it is easy to prove that:
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THEOREM 4. Function f: AC X — T is (S,s) convez if and only if f is
a-(H,C) conve.

Proof. It is easy to see that

(1) h(gr(f)) = epi(f).
Then we have h(gr(f)) € C if and only if the set epi(f) is (S, s) convex. Hence,
function f is a-(#,C) convex if and only if it is (S, s) convex. O

REMARK 1. Because a function f: A C R" — R is convex in classical sense
if and only if it is (S, s) convex, where
S ={{(z,y), (u,v)}|z,u e R", y,v € R}
and s : S — 2R"xR,
s({(z,), (u,0)}) = {((1 = Nz + Au, (L= XNy + ) [ A € [0,1]},
for each {(z,y), (u,v)} € S, the classical convexity for functions is an a-(H,C)

convexity. ]

EXAMPLE 2. (Weakly-convex function) Let X be a real linear space and
let A be a nonempty subset of X. We remember (see [I]) that a function
f:+A— R is said to be weakly-convex if for each z, y € A there is a p €]0, 1],
such that

(2) (I-pz+pyecd
and
(3) f(A=p)z+py) <1 -p)f(@)+pf(y) O

Let us take X = X, Y =R, W = X xR, H = {h}, where the map

h 2 2XXR 5 9XXR g defined by
h(M) = {(z,u) |z € X, ue R, u>inf{w|(x,w) € M} },

foreach M C X xR, M # 0, and by h(M) =0, if M = .

In 2X*R we consider the set

S = {{(z,u),(y,v)} | ,y € X and u,v € R}.
Let
S = {sp|p €0, 1]},

where s, : S — 2°*R is the map defined for each {(z,u), (y,v)} € S by

sp({(z, ), (y,v)}) = {((L—p)z+py, (1 —p)u+pv)}.
In accordance with [7] a subset U of X xR is (S, S)— convex if for each C € S,
with C C U, there is s € S such that s(C) C U.
If we denote by C the collection of all (S,S) convex subsets of X x R, we
obtain:

THEOREM 5. Function f: A C X — R is weakly-convex if and only if f
is a-(H,C) convex.
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Proof. Necessity. Let f : A — R be a weakly-convex function and let
C €S, C C h(gr(f)). Then there exist (x,u), (y,v) € X x R such that
C = {(z,u), (y,v)} and {(x,u), (y,v)} C h(gr(f)). From the definitions of
gr(f) and h, we get that z € A, y € A. Also, as (z, f(z)) € gr(f) and
(y, f(u)) € gr(f), it follows that

(4) u> f(x) and v > f(y).

On the other hand, since f is weakly convex, there is p €]0, 1] such that
and are true. Then, from , it results

(5) (1=plut+pv>(1-p)f(z)+pf(y).
, and imply that
(I-pz+pyc A, (A—=pu+pv>f((1-pz+py),

ie., (1 —p)z+py, (1 —p)u+pv) € hgr(f)), or s,(C) C h(gr(f)). Hence,
set h(gr(f)) is (S,S)-convex. Therefore f is an a-(H,C) convex function.

Sufficiency. Let now f be a-(H,C) convex, and let x, y € A. Because
(e, F(x)) € gr(f) and (3, f(u) € gr(f), if we take C = {(z,1), (3,0)}, then
we have C' € S and C C h(gr(f)). Since f is a-(H,C) convex, we get that
there exists s € S such that

(6) s(C) € h(gr(f))-
As s € S, there is p €]0, 1] such that s = s,. Then

s(C) = 5p(C) ={((1 = p)z +py, (1 = p)f(z) +pf(y))} S hgr(f)).

This implies ((1—-p)z+py € A, and (1—p)f(z)+pf(y) = F(1—p)z+py).
Therefore, we conclude that the function f is weakly-convex, as x and y was
arbitrarily chosen in A. ]

EXAMPLE 3. (Convex functions of order n). Let be n a natural number.
By P41 we denote the set of all algebraic polynomials of degree n+1 or less,
having real coefficients.
Taking into account the representation of polynomials of degree n + 1 or
less as a linear combination of the elements of a basis of the real linear space
Pn+17
n+1
Z a;z;, witha; €R, i€ {0,1,2,....,n+ 1},
i=0

we obtain the partition

PnJrl - 7),.;_1 U Pn U ,PyJLr+17

where P, (P,f.;) denotes the set of all the polynomials from P,1 that
have the coefficient a,4+1; < 0 (respectively a,+1 > 0), and P, is the set of all

polynomials of degree n. O
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Let A be a subset of R, with |A| > n 4 2, and let

(7) L1y L2y eeey In42
be a system of n + 2 distinct points from A.

DEFINITION 6. (see [10]). A function f: A — R is called

i) convexr of order m on points if Lp(x1,.coypny1; f) € 73;;1, where
Ly(x1,...,xn41; f) denotes the Lagrange interpolation polynomial.
ii) concave of order n on points if Ln(z1, . ng1; f) € Py
iii) convex of order n on A if f is convex of order n on each system of

n + 2 points of type from A.
iv) concave of order n on A if f is concave of order n on each system of

n + 2 points of type from A.

We can prove that the convexity of order n is also an a-(H,C) convexity.
For this we introduce the notion of convexity of order n for sets. Let D a
nonempty subset of R, and g : D — R a given function.

DEFINITION 7. A subset C' of R? is said to be convex of order n with respect
to function g if we have

(8) (@nt2, Ln(@1, oo Tng1; ) (@ng2)) € R\ (CUgr(f)),
for each system of n + 2 points x1,...,Tn1o from D, with
T < oo < Tpg1 < Tpa2.

In the following by C,, , we denote the set of all subsets C of R?, which are
convex of order n with respect to g.

Let ustake X = Y =R, W = R?, H = {h}, where the map h : 25*V —
2W is given by

h(M) = {(z,u) |z € pri(M), andu € R, u > inf{w|(z,w) € M}},
for each M C R2, M # (), and h(0) = 0.

THEOREM 8. If n is a natural number and A is a subset of R, with |A| >
n+ 2, then a function f : A — R is convex of order n if and only if it is
a-(H,Cp,¢) conve.

Proof. In our proof we use the following property of convex function of n
order (see [9]):

LEMMA 9. Function f: A — R is convex of order n if and only if

(9) f(l'nJrQ) - Ln(xl, ooy Tpt1s f)(anrQ) > 07
for all system of points

(10) 1 <o < ..<XTpia [from A.
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Proof. We remark that

(11) higr(f)) = {(z,y) € AxR[y = f(x)} = epi(f).

Necessity. Let us suppose that function f is convex of order n on A. Then,
according to lemma, we have @D, for all system of points . It means that

f(xn-i—Q) > Ln(xh ...,IIZ’,—H_l; f)(xn-i—Q),

for all points x1 < 22 < ... < Tpyo from A. Therefore

(Tns2, Ln (21, 22, ooy T 15 f) (Tng2)) € epi(f),

for all points z1 < 22 < ... < Tpyo from A, ie.,

(xn-&-Qa Ln(xla L2y eeey L4135 f)(xn-&-Q)) € (R2) \ epi(f),

for all points 1 < x2 < ... < Tpyo from A,

As a consequence of (1)), the set h(gr(f)) is convex of order n with respect
to f. Hence, function f is a-(#,C,, ) convex.

Sufficiency. Now, as function f is a-(H,Cyp) convex, from the statement
that h(gr(f)) € Cyn, ie. epi(f) € Csn, we obtain that

($n+2, Ly(x1, 22, ..., Tpyrs f)($n+2)) ¢ epi(f)

for all points 1 < z2 < ... < Tp4o from A. It means that

f($n+2) > Ln(Ila L2y eeey Tn415 f)(xn+2)

for all z1 < 9 < ... < Tpso from A. So, in view of lemma, function f is convex
of order n on A. O

Analogously we obtain the following corollary.

COROLLARY 10. A function f : A — R is concave of order n on A if and
only if the function g = —f is a-(H,Cy ) convex.

We remark that a subset C' of R? is convex of order n with respect to a
given function f : A C R — R if and only if C is (e,a) — ((S,s),r) convex,
where S = 2R2, s: 2B 5 oF? g the map given by
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S(U) = {(anrQ?Ln(xl?an .-.,$n+1;f)(l’n+2)) ‘ T1 <22 < ... < Tp42, T; € A}7

for each U C R?, and r : 2R? _y 9R? ig the map given by

r(U) = R?\ (UUgr(f)), foreachlU C R

The case of convex functions of order n with respect to an interpolating set
(E. Popoviciu, 1972) can be treated in the same manner.

Also, we can model in the same way the strong convex mappings with
respect to a given set from [6].

1]

2]

[10]
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