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1. INTRODUCTION

In [6] Tiberiu Popoviciu obtained that Bernstein operators preserve conve-
xity of higher orders. On the other hand the sequence of Bernstein operators
has the property of the uniform approximation of the derivatives of higher
order. This is a fact more general. Sendov and Popov obtained in [8] that,
roughly speaking, if a sequence of linear positive operators that preserve con-
vexity of higher orders has the property of the uniform approximation of con-
tinuous functions then it has also the propriety of the uniform approximation
of derivatives of higher orders on any compact subinterval strictly contained
in the interval of definition of functions.

In this paper we shall obtain two theorems concerning the uniform approxi-
mation of derivatives of higher orders by using sequences of nonlinear operators
having the propriety of preservation of some type of generalized convexity of
higher orders. As regard to [8] our scheme of the proof is simplified, but it
requires a supplementary order of derivability.

2. CONVEX OPERATORS FOR APPROXIMATION OF VECTOR-VALUED
FUNCTIONS

Let [a, b] be an interval of the real axis and let F' be an Euclidean space with
the scalar product (,) and the corresponding norm || - ||. Denote respectively
by F([a,b], F') the space of functions defined on [a, b] and with values in F, by
C([a,b], F') the subspace of continuous funtions, endowed with the Chebysev
norm || - |44 and for the integer m > 1 denote by C™([a,b], F') the subspace
of m times continuously derivable functions. In the the case FF = R we omit
to write F. If zg,21,...,Zm+1, m > —1 are distinct points of [a, b] then, for
a function f : [a,b] — F denote by [f;zo,x1,...,Zm+1] the divided difference
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of function f on the points z;, 0 < ¢ < m + 1. We introduce the following
definition:

DEFINITION 1. A function f : [a,b] — F is c-nonconcave of order m >

—1, if for any choice of two sequence of distinct points xo,T1,...,Tm+1 and
Y0, YLy - - - Ym+1 Of [a,b] we have:

(1) <[f;CC(],CE1, s ,xm+1]7 [f7y05 Ytiy.- oy ym+1]> > 0.

In a similar mode, by replacing in the inequality ">7 by 7>7", or "=" one

can define the functions that are c-convex, respectively c-polynomial of order
m. Denote by Kp,([a,b], F) the space of functions that are c-nonconcave of
order m.

REMARK. In the case F' = R a function is c-nonconcave of order m > —1 if
and only if it is either usual nonconcave of order m or it is usual nonconvex
of order m (see [5]). O

LEMMA 2. If a,b,v € F, |a|| = ||o]| = |lvl| = 1, {(a,b) < 0 then
max{<a7 U>7 <b7 U>} > _\/5/2

Proof. Let p:=dim F. If p = 1 Lemma [2| is obvious. Let p > 2. We have
a # b. First consider the case a # —b. Let {e1,...,€,} be an orthonormal
basis of the space F' such that ¢; = (a +b)/|la + b|| and €3 = (b—a)/||b — al|.
Represent v = A1 - €1 + ...+ A, - €5, where (A\1)? + ...+ (\p)? = 1. We have
(v,a) = M(14(a, b)) /[la+b] +X2((b, @) = 1)/ [[b—all; (v,b) = A1({a, b) +1)/l|a+
bll + A2(1—(a,b))/|[b—al|. Hence max{(a,v), (b,v)} = A1 (1+(a,b))/|la+b| +
|A2/(1—{a,b))/||b—al|. By considering a and b fixed one obtains the minimum

value of max{(a,v), (b,v)} in the case \; = —1 and Ay = ... =\, =0 and it
is equal to —(1 + (a,b))/|la +b|| = —(1/v2)\/1+ (a,b) > —+/2/2. The case
a = — b is immediate. 0

THEOREM 3. If the sequence of functions (fn)n, fn € Ct([a,b], F) is uni-
formly convergent to the function f € C'([a,b],F) on [a,b] and if f, €
Ko([a,b],F), n € N, then, for any subinterval [c,d] C (a,b), the sequence
(f1)n is uniformly convergent on [c,d] to the function f'.

Proof. Consider ad absurdum that there is a number A > 0, a sequence
(xk)r of points zy € [c,d] and a subsequence (ny)x of indices such that

1" (@) = fr (@o)ll > A, keN.
There is a number §; > 0 such that
If (@) = Fwll < A4, if e —yl <o
Put ¢ := min{d1,c —a,b — d} and p := \J/8. Afterwards fix k such that

Hf_fnkH[a,b} < p.
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Define g := f,,, y := x} and

n;:4y<¢w»—yw»da

=

y+6 / /
b= [0 - gw)de

y
Here it is used the Riemann integral for functions with values in an Euclidean
space.

Since ¢’ € Ko([a,b], f) it follows for any points a < t; <y < to < b:
(d'(t1) = g'(y),d'(t2) — d'(y)) < 0.
By approximating I; and I by Riemann sums we obtain
(I, I5) <O0.

First consider the case I1 # 0 and Iy # 0. Set « := I1/||L1||, B := L2/| L2l
and v := u/|ul|, where v := §(¢'(y) — f'(y)). From Lemma [2| it follows
max{(a,v), (B,v)} > —/2/2. Suppose, for a choice, that (3,v) > —/2/2. We

have

lg(y +6) — f(y + )|l

" ywa - s - |

Y

y+0
= |9(y) +

y+4

f@dﬂ
>

@@—f@ﬂﬂ—p

(6~ £/ ]| ~ |

Lﬁiﬂw—fwmﬂ—p

AV
ST T T
+

y+6 / /
= [T - rwyad -3
= 12+ ul = 3p

9 9 1/2

> (18] + [lull* = V2l L] - lull) "~ 3p
> lull/v2 — 3p
> A/V2 — 3p
> p.

One obtains a contradiction. In the case Is = 0 one obtains as above that
llg(y +9) — fly+9)|| > |lu|| — 3p > p. The case I} = 0 is similar. Theorem is
proved. O

REMARK. In the case F' = R the result in Theorem |3|is given in [8]. O

LEMMA 4. Let [a,b] C R and f : [a,b] — F. For any z;, € R, 1 < i < n,
and any t € R such that x; and x; +1t, 1 < i < n, are 2n distinct points of
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the interval [a,b], by denoting fi(x) := (f(x +t) — f(z))/t, z € [max{a,a —
t}, min{b,b — t}], we have

(2) [ft;xlw'wxn] = Z [f;xl+ta"'7xk—1+t7$k+tul‘k7$k)+lu"'7$n]'
k=1

Proof. For p > 1, u # 0, y;, 1 <14 < p, such that y; # y;, y1 # yi —u, 2 <
1 < p, denote

P P
L (Y1, yp) =Y H yr—y) " [Ton +u—w)™
j=li=2 i=j
(For j =1 take ngz = 1). Using the relation
p+1
O (g1, s ppe) = (1 +u— ) O owp) + [T =),
i=2
one can proved by induction with regard to p that
p —1
L (Y1, ..., Yp) = (u I - yi))
i=2
We have
n
Tk +t _
[fri @1, :Zf = f(a) II @—a)!
k=1 1<i<n,ik
n —
:Zf(azk—l—t)-@?_kﬂ (Tgy ooy H:ck—azl

e
Il

_|_
="

fx) - OF (x4 t,... 21 +1)- H (zp — x5) 7"
1 i=k+1

I
= -

[f;xl+ta"'7xk’—1+t>$k+t7xkaxk+la"'v$n]- U

b
Il

1
THEOREM 5. If f € CF([a,b], F) N Ky, ([a,b], F), k> 1,m—k-+1>0, then
f® e Kpi([a,b], F).
Proof. Using Lemma [4] it is easy to obtain that if
f e (a,b], f) NKn-1([a,b], F), n>1,

then it follows f’ € NK,_2([a,b], F). Afterwards the theorem results by in-
duction. 0

Now consider the following definition.

DEFINITION 6. An operator L : V. — F(la,b], F), V C F([a,b], F) is said
to be k-conver, k > —1, if

(3) L(f) € Ki([a,b], F), for any f € VN Kg([a,b], F)
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and
(4) L(f)— L(g) € Ki([a,b],F), foranyf,geV, f—ge Ki(a,b],F).

The main result of this section is the following one.

THEOREM 7. Let (Lp)n, Ly : C**1([a,b], F) — C**1([a,b], F), k> 1, be a
sequence of j-convex operators, for 1 < j < k. If we have

(5) lim ||y (f) = flljap) =0, for all f € C*([a,b], F),

n—oo

then for any f € Ck*1([a,b], F), for any subinterval [c,d] C (a,b) and for any
7, 1 <3<k, one has

(6) lim [|(L, () — f(j)H[c,d} =0

n—oo
Proof. Fix the interval [c, d] and let the subintervals [cj,d;], 1 < j < k such
that [co, do] = [a,b], (¢j,d;) D [cj+1,dj+1] and [cx, di] = [c,d]. First note that
for any function g € C™([a,b], F'), m > 0 and for any points yo < ... < Yy, of

[a, b] we have (m))||[g: 5o, - - > ym]]| < |lg"™ |[a,¢)- This one is a consequence of
the Peano’s formula:

[9:Yor -+ 9] = / "oty - g™ (1) dt,

where ¢ : [y0,ym] — R is a continuous positive function independent of g.
Fix now f € C*"([a,b], F). Denote p := max{|al, |b|} We can choose by
induction the numbers A\; > 0, 2 < j < k + 1, such that:

k+1

O Z2x( X T i G e

i=j+1

k+1 2
+< > G N+ (j!)luf(”ll[a,bQ . 2<j<k+L
i=j+1
(for j =k + 1 take Zfijlﬂ = 0). Let v € F with [jv|]| = 1, and consider the

function:
k+1

h(z) = f(x) + (;)\j -azj)v, x € [a,b)].

We have h,h — f € K;([a,b], F), (1 <j <k). Indeed, let 2 < j <k+1and
two sets of distinct points of I: xg, ..., x; and yo, ..., y;. Using the inequalities
above one obtains:

<[h;$07---a%‘]a [h;yo,...,yj]> -

k1l k1
= << > (A& ])v+ [fi 20,25, (Z, () Aimni J)Wr [f;yo,-~-7yj]>
=] =]

>0,
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where &;,n; € [a,b], for j <i < k+ 1. Hence h € K;_1([a,b], F). In a similar
mode we can see that h — f € K;_1([a,b], F).

From Theorem [f| it follows (L, (h))@, (Ln(k) — Ln(f))9 € Ko([a,b], F),
1 <j <k n>1,and from Theorem [3| it can deduce by induction, for
1<j<k:

B [(La(0)9 (1), g = 0= T [[(En(h)~La(F)D (=)Dl

n—0o0

From these limits it follows @ O

3. CONVEX OPERATORS FOR APPROXIMATION OF REAL-VALUED FUNCTIONS

Recall that for n > 1, asubset Z C Ca, b] is named n-parameter family if for
any distinct points z; € [a,b], 1 < i < n, and any real numbers y;, 1 <i<n
there is an unique ¥ € Z such that ¥ (x;) = y;, 1 < i < n. Convexity with
regard to a n-parameter family was introduced by Tiberiu Popoviciu in [7] and
was extensively studied by L. Tornheim in [9] and E. Popoviciu in [3] (and in
others).

DEFINITION 8. [7]. If Z C Cla,b] is a n-parameter family, n > 1, then a
function f € Cla,b] is named Z-convex if for any points a < x1 < ... < xp <
t < b, it results f(t) > 1(t), where ¥ € Z is the unique function such that
(x;) =y, 1 <i<n.

We consider the following definition.

DEFINITION 9. Let Z C Cla,b] be a n-parameter family, n > 1. An operator
L : Cla,b] — Fla,b] is Z-convex if the following conditions are verified

(7)  If f € Cla,b] is Z-convex then L(f) is usual convex of order n — 1
(8) If f —g is Z-convex , f,g € Cla,b],
then L(f) — L(g) is usual convex of order n — 1.
The main result of this section is the following.

THEOREM 10. Let k > 1 and for each 2 < j < k+1 let Z; C C*+1[a,b] be
a j-parameter family. Suppose that there are the numbers M; > 0 such that

(9) ot

If (Ly)n is a sequence of operators Ly, : C**'a,b] — C*+1[a,b] such that

ay < Mj,  foranyp € Z;, 2<j<k+1.

(10) Ly, is Zj-convex for anyn >1 and 2 < j < k+1,
(11) dim |[La(f) = fllfay = 0, for any f € C*[a,b],

then for any f € C**1[a,b], any subinterval [c,d] C (a,b) and any j, 1 < j <
k, one has

. i (1) 19y =0

n—oo
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Proof. First note that if g € C7[a,b], j > 2 and gU)(z) > M; , = € [a,b],
then g is Zj-convex. Indeed, let a < y; < ... <y; <t < band ¢ € Zj the
unique function such that ¢(z;) = g(x;), 1 < i < j. Since the function g — ¢
is usual j — 1 convex it follows g(t) > ¢(t).

Now fix f € C**'a,b] and [c,d] C (a,b). Denote p := max{|al,|b|}. We
can choose by induction the numbers A;, 2 < j < k + 1, such that

k+1
GHA > D @ N+ (1D g + M.
i=j+1
(For j =k + 1 take Zfijlﬂ = 0). Define the function h by

k+1 4
h(z) := f(z) + Z)\j -2t x € a,b].
j=2

Then h and h — f are Z;-convex for 2 < j < k+ 1 and consequently Ly, (h)
and L, (h) — L,(f), n > 1, are usual convex of order j — 1, for the same j.

Consider the intervals [c;,d;], 0 < j < k, such that [cy,do] = Ia,b],
[cjt1,dj+1] C (¢j,dj), [ck, di] = [c,d]. Then by using the result in Theorem
in the case F' = R, it follows by induction that

Jim [[(La ()P =l = 0=l [[(Lu(h) = La(£))D = (=)D, 415
1 < j <k, and consequently is true. ([l
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