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SOLVING INVERSE PROBLEMS VIA WEAK CONTRACTIVE MAPS
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Abstract. We prove a “collage” theorem for weak contractive maps and we use
it for inverse problems.

MSC 2000. 65J22, 47TN40.
Keywords. Weak contractive maps, inverse problems.

1. INTRODUCTION
Let X be a real Banach space, T': X — X be an operator.

DEFINITION 1. The operator T is weak contractive, if there exist a constant
q€[0,1) and L > 0, such that

(1) 0<g+L<1
and for each x,y € X,
(2) [Tz =Tyl < qllz =yl + Ly — Tz

Let F(T) denote the fixed point set with respect to X for the map 7.
Suppose that x* € F(T). A typical inverse problem is the following:

PRrROBLEM 2. For given € > 0 and a “target” z, find a weak contractive map
T, such that Hi? — ’ < ¢, where z7. =T, (x*TE) is the fixed point of the
weak contractive mapping 7.

Randomly selecting various in weak contractive maps class, finding their
fixed points and computing the distance from our target is an extremely te-
dious procedure. Consider now the following problem which we shall fit in
our framework and which is very useful for practitioners, see [3]. Recently,
Kunze et all., see [3], [4], [5], have considered a class of inverse problems for
ordinary differential equations and provided a mathematical basis for solv-
ing them within the framework of Banach spaces and contractions. We shall
consider the same framework of Banach spaces and the larger class of weak
contractive maps. Such maps were considered in [I] and [2].
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PROBLEM 3. Let T € X be a target and let § > 0 be given. Find Ts a weak
contractive map such that ||z — Tsz|| < 4.

In other words, instead of searching for weak contractive maps whose fixed
points lie close to target =, we search for weak contractive maps that send z
close to itself.

2. MAIN RESULTS

We shall give a lower bound to approximation error in terms of the collage
error.

PROPOSITION 4. Let X be a real Banach space and T' a weak contractive
map with contraction factor q € (0,1), L > 0, and fized point x* € X. Then
for any x € X,

e e — Tal| < [la* — .

Proof. If x = z*, the above inequality holds. If x # x*,Vx € X, then one
obtains

[Tz —z|| < ||z — || + [|l=* — Tx||
= |z — 2| + | T2” — Tx||
<|z* ==l +qlla” — x| + L[z — Tz
<(1+qg+01L)|z"—z].
From which one gets the conclusion. g
THEOREM 5. (Collage theorem for weak contractive maps) Let X

be a real Banach space and T a weak contractive map with contraction factor
q€(0,1), L >0, satisfying (1) , and fired point z* € X. Then for any z € X,
1
2% — 2| < =7y o — Txf].
Proof. The weak contractive condition assures that the fixed point x* is
unique. If z = z*, the above inequality holds. If z # z*,Vz € X, then one
obtains

[ — 2| <|[Te” = Ta|| + [Tz — x|
<qlla” =zl + Lo = Tz*|| + |[Te — =
= (g+L)|Jz" — 2| + [Tz — 2| .
From which one gets the conclusion by using . g

REMARK 6. To summarize, under appropriate conditions, we have the fol-
lowing bounds

— Tzl <fla” —zf < 5

i I — Tl

1
trorz I
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The above “Collage Theorem” allows us to reformulate the inverse Problem
in the particular and more convenient Problem

THEOREM 7. If Problem |3 has a solution, then Problem [2| has a solution
too.

Proof. Let ¢ > 0 and £ € X be given. For § := (1—(¢+ L))e, let Ts a
weak contractive map be such that ||z — Tsz[| < 0. If 27, is the fixed point of
the weak contractive mapping Ty, then, by Theorem

0=c¢.

- 1 - - 1
|7 = 1| < e 17 - T3l < iy

0

Note that shrinking the distance between two operators, one of them from
weak contractive map reduces the distance between their fixed points.

PROPOSITION 8. Let X be a real Banach space and Ty weak contractive map
with contraction factor ¢1 € (0,1) and Tz : X — X a map such that z7,x5 € X
are distinct fized points for Ty and Ty. Then

o = 31 < =y sup [Tha — Toa
Proof. One obtains
|21 — 23] = [[Tha] — Toms|| < [[Thzy — Thas|| + [|Thwy — Toxs||

< qllzy — @3l + L ||z — Thad| + sup [Tz — Tox||,
S

from which we get the conclusion. O

THEOREM 9. Let X be a real Banach space, T : X — X, x = Tx and

suppose there exists Ty a weak contractive map such that sup,¢ x ||Thx — Tx| <
€. Then

_ _ 1 L
Iz - iz < e,

Proof. Let x* = T1x*, and by use of Proposition |8 we obtain

z—a*| < —A— | sup |Thz —Tz| | .
Iz — 2] 1*w¢><wx” \Q

Thus,
1z =Tzl < ||z — 2% + |2 = Thz|
< |z — 27| + [[Tha” — Thz]
<z =2+ qllz — 2™+ Lz - Tha™||
(1+(g+1L)) Iz — =

14+(g+L) 1+(g+L)
< 140 (sup e~ 7ol ) < B
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