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DURRMEYER-STANCU TYPE OPERATORS

OVIDIU T. POP* and DAN BARBOSU'

Abstract. Considering two given real parameters «, 8 satisfying the conditions
0 < a < . D. D. Stancu [7] constructed and studied the linear positive operators
PP C([0,1]) — C(]0,1]), defined for any f € C([0,1]) and any positive inte-
ger m by . In this paper we are dealing with the Durrmeyer form of Stancu’s
operators. Some approximation properties of these Durrmeyer-Stancu operators
are established. As a particular case, we retrieve approximation properties for
the classical Durrmeyer operators [5].
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1. PRELIMINARIES

Let a, 8 be real parameters satisfying the conditions 0 < a < .
In 1969 D. D. Stancu [7] constructed and studied the linear positive operators
PP c(0,1]) — C([0,1]) defined for any f € C([0,1]), any = € [0,1] and
any positive integer m by:

) (4291) (@) = > pmale)] (£25)
k=0

where

(2) Pk(x) = ()2 (1 —a)ym "

are the fundamental Bernstein polynomials [4].

In the monograph by F. Altomare and M. Campiti [2], the operators
are called “the Bernstein-Stancu operators”.

In 1967, J. L. Durrmeyer [5] introduced the operators D,, : L1(]0,1]) —
C(]0,1]), defined for any f € C(]0,1]), any x € [0,1] and any positive integer
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(3) (Do f)(2) mek / P () F (D).

Note that the operators are known in the mathematical literature as the
“Durrmeyer operators”. Following the Durrmeyer ideas, the second author
introduced and studied Durrmeyer-Schurer operators [3].

The aim of the present paper is to construct the Durrmeyer type operators
associated to the operators , denoted Durrmeyer-Stancu operators and to
establish some of them approximation properties.

In Section 2 we recall the well-known theorem due to O. Shisha and B.

Mond [6] and some properties of Durrmeyer operators [5]. We also introduce

here the Durrmeyer-Stancu operators, denoted D( o.6)

images of test functions by these operators.
Section 3 contains the main results of the paper which are: a convergence

theorem for the sequence { DB £}

and we compute the

meNd the approximation order of f by

Dﬁ,(f A f, under different assumption on the approximated function f.
As particular case, we get the classical Durrmeyer operator .

2. AUXILIARY RESULTS

As usually, wi(f;0) denotes the first order modulus of smoothness for the
function f and ej(x) =27 (j =0,1,...) are the test functions.
First, we recall the following result, due to O. Shisha and B. Mond [6].

THEOREM 1. Let I be a non-empty interval of real axis, let L : Cg(I) —
B(I) be a linear and positive operator and, for x € I, let ¢, : I — R be defined
by pi(t) = |t — x|, for any t € 1.

a) Let f € Cp(I) be given; for any § > 0 and any x € I the following

(4 1(LN@) = F@)] < [F@)(Leo) () = 1+
+{ (Leo)(@) + 67"/ (Leo) (@) (LZ) (@) f wn (£3)

holds.
b) Let f be a given differentiable function such that f' € Cp(I); for any
0 >0 and any x € I, the following

(5)
(L) (@) = f(2)] < [f(@)[|(Leo)(x) — 1]+
+ 1 (@)|(Lex) (x) — z(Leo)(x) |+

+ VIR @) { V) @) + 5V (TeB) (@) }en('0)

holds.

Next, let us to recall some properties of Durrmeyer operators.
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LEMMA 2. [5]. For any positive integer m and any x € [0, 1], the Durrmeyer
operators verify:

(6) (Dmeo)(x) = 1;

(7) (Dmer) (@) = m25L;

(8) (Dime)(x) = =t tmat2.
9) (Dinip3)(z) = 2= et

DEFINITION 3. Let «, B be real parameters satisfying the conditions 0 < o <

B. The Durrmeyer-Stancu operators D : L1([0,1]) — C([0,1]) are defined
for any f € L1([0,1]), any x € [0,1] and any positive integer m by:

1) (DE?r) @) = m+ 1) mek /pmk(t)f(mg)dt.

LEMMA 4. The operators are linear and positive.
Proof. Directly, from Definition 3. O

LEMMA 5. For any x € [0,1] and any positive integer m the Durrmeyer-
Stancu operators verify:

(11) (D,g‘;‘ﬁ)eo) (z) = 1

a,B . (a+1)m+2a |
(12) (DfePer) (@) = sty © + oty

a, o m3(m—1) 2

(13) (D’Sn 6)62) (@) = GrpEmr s ©
+ 4m3+2am?(m+3)

(m+8)2(m+2)(m+3) ©

2m2+2am(m+3)+a?(m+2)(m+3) .
(m+p)? (m+2)(m+1) '

+

2
a,B _ m 2(m—3)z(l—x)+2
(14)  (DEOe2) (2) = (725) Lpathosi2+
{62 m—l—2)+46m}a: 22{afB(mA2HBmA2am}yzta? (mi2 H2ma
(m+p)%(m+2) '

Proof. 1t is easy to observe the following identities:

(Dlee0) (2) = (Dmeo) (a)
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(Dg?’ﬁ)gpa (z) = (D,(ﬁ"ﬁ)eg) (r) — 2z <D£§’ﬂ)61) (z) + 2* (Dﬁg"ﬁ)eo) ().
Next, one applies Lemma 2. O

LEMMA 6. For any positive integer m and any x € [0, 1] the following

(15) o) (@) < 813
holds, where
(16) 3@ =/ (P 6) @)
and
2 2 2
(a.B) —  [(_m_ metl o? (m2H2ma (m42)(a—5)*2m(a—p)
(A7) o7 = \/ (m@) 2(er2) (mf3) T INAX { B2 (mi2) * (A B (mT2) }
Proof. Because z(1 — z) < % for any z € [0, 1], we get
2(m—3)z(l—x)+2 m+1
(18) (m+2)(m+3) < 2(m+2)+(m+3)

for any positive integer m.
For any positive integer m, let us to introduce the following notations:
(eB) _ a®(m+2)+2ma (m+2)(a—pF)*~2m(a—p) | .
Tm = max{ (mBR2(m+2) * (mFA)2(m+2) 7
a. — B2m+2)+4Bm .
™ (mAp)2(mA2)
b — _2a6(m+2)+,8m+2am .
moe (m+p)?(m+2) 7

_ a?2(m42)+2ma
m = ntBP(m+2) -

Let fn[0,1] — R be defined for any x € [0, 1] by:
fm(z) = AmT> + by + Cy.

If 8 =0, follows @ = 0 and fp,(z) = 0, for any = € [0, 1].
If B # 0 the function f is a polynomial function of second degree and
because a,, > 0 follows that f,, has a maximum value in the point

_ bm _ aB(mA+2)+FmA2am
2am — B%2(m+2)+48m

Ty =
Because o < 3, we get

< BA(m+2)+38m
= B2(m+2)+4m

Taking the above inequality into account, yields:
fm(z) < max{fn(0), fm(1)},
for any z € [0, 1]. Follows that for any x € [0, 1] the following
(19) fmnl@) < AP
Applying and we get . n

T < 1.
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3. MAIN RESULTS
THEOREM 7. For any f € L1([0,1]) the sequence {D,(ff’ﬁ)f} converges to f,
uniformly on [0,1].
Proof. Lemma 5 (identity ) follows lim (D,(ﬁ » )gog) (z) = 0, uniformly
m—r0o0

on [0,1]. Then one applies the well known Bohman-Korovkin theorem ([1] or
[8])- 0

THEOREM 8. (i) For any f € L1(]0,1]), any = € [0,1], any 6 > 0 and
any positive integer m, the following

(20) (D f) (@) - f@)| < (1+ FoleD (@) wn(£:9)

holds.
(ii) For any f € CY([0,1]), any x € [0,1], any § > 0 and any positive
integer m, the following

@) (P f) (@) - f@)| < 17 @)
+ 800 (@) (14 1809 @) wa(f39)

holds.
In and 55,?’5)(3;) is defined at .

Proof. One applies Theorem 1 and Lemma 5. O

_ (p+2)m+25 (a+1)m+2a

m At £ T s pmry | T

THEOREM 9. (1) For any f € L1(]0,1]), any = € [0,1] and any positive
integer m, the following

(22) (Dl f) (@) = f@)| < 201 ($1859) )

holds.
(ii) For any f € C*([0,1]), any = € [0,1] and any positive integer m the
following

_l’_

a, B+2)m—+23 a+1l)m+2a
@) (D) @) - 1@ <17 @ |Gy o+ S

+ 20009 (@)or (5057 () )

Proof. In Theorem 8 we choose § = 57(,%’5) (). O

REMARK 10. For any positive integer m, let g, : [0,1] — R be defined by

_ _ (B+2)m+2p (a+1)m-+2a
gm(w) = T A mtD) L A B mr)

for any = € [0,1]. It is immediately that
(24) lgm ()] < ni”
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for any = € [0, 1], where

(25) e = max {|gm(0)], gm (1)} =

(a+l)m+2a  [m(a—B—1)+2(a—B)|
—max{(mw)(mw)’ (m+B)(m+2) }

Applying then Theorem 9, Lemma 6 and , we get:

COROLLARY 11. (i) For any f € L1(]0,1]), any = € [0,1] and any positive
integer m, the following

(26) ‘(D};;ﬁ)f) (z) — f(:];)) < 2wy (f;@(?gﬁ))

holds.
(i4) For any f € CY([0,1]), any = € [0,1] and any positive integer m, the
following

en  |(D%DF) @) - 1) < Minfg? + 2859w (55057
where My = max |f'(x)].
z€[0,1]

REMARK 12. For any o = § = 0, the operators DSQ’O) are the Durrmeyer
operators. O
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