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EXPANDING THE APPLICABILITY OF
NEWTON-TIKHONOV METHOD FOR ILL-POSED EQUATIONS
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Abstract. We present a new semilocal convergence analysis of Newton-
Tikhonov methods for solving ill-posed operator equations in a Hilbert space
setting. Using more precise majorizing sequences and under the same computa-
tional cost as in earlier studies such as [13]-[20], we provide: weaker sufficient
convergence criteria; tighter error estimates on the distances involved and an at
least as precise information on the location of the solution. Applications include
Hammertein nonlinear integral equations.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a solution
of non-linear ill-posed equation

(1.1) Alz) =y

where A is a nonlinear operator defined on a subset D = D(A) of a Hilbert
space X, and with range R(A) in a Hilbert space Y. Equation is ill-
posed in the sense that the solution of does not depend continuously
on the data y. Many regularization methods such as Tikhonov regularization
[9, 10, 23], 25 27, [32], Gauss-Newton method [6] and other methods [21], [22]
have been used to approximate solution of equation .

Many problems from computational sciences and other disciplines can be
brought in a form similar to equation using mathematical modelling
1, B, [, 8, [29], [30). The solutions of these equations can rarely be
found in closed form. That is why most solution methods for these equations
are iterative. The study about convergence matter of iterative procedures is
usually based on two types: semi-local and local convergence analysis. The
semi-local convergence matter is, based on the information around an initial
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point, to give conditions ensuring the convergence of the iterative procedure,
while the local one is, based on the information around a solution, to find
estimates of the radii of convergence balls.

George and collaborators (see [13]-]20]) solved equation for the special
case when A is a Hammerstein-type operator. A Hammerstein-type operator
is of the form A = MF, where F' : D(F) C X — Z is a nonlinear and
M : Z — Y is a bounded linear operator with X,Y and Z are Hilbert spaces.

Hence, (1.1]) becomes
(1.2) MF(z) =y.

In particular George and Kunhanandan [16] assumed that a solution z* €
D(F) of (1.2) satisfies
(1.3)  [[F(2) = F(xo)|| = min{[|F(z) = F(zo)|| : MF(x) = y,z € D(F)},
and y° € Y are the available noisy data such that
(1.4) ly =y’ <.

Then, for fixed a > 0,9 > 0, the Newton-Tikhonov (NT) method defined
by

(15) ;U(st—f—l,a = x'(rsz,a - F,(xz,a)_l(F(fo,a) - Zg)? xg,a = X0,
where 2 is an approximation of the solution of the equation M(z) = ¢° (see

Section 5) was used to generate a sequence {3327@} converging quadratically to
a solution z° of the equation

(1.6) F(z)=2)

provided that certain Kantrovich-type criteria are satisfied.

In the present paper we expand the applicability of (NT) by using more
precise majorizing sequence for {a:fm} than the ones given in [I7]. This way
we provide a semilocal convergence analysis for (NT) with the following ad-
vantages over the work in [I6] under the same computational cost:

(a) Weaker sufficient convergence criteria;
(b) Tighter error estimates on the distances H:z:iﬂﬂ - xfl’aH and
(c) An at least as precise information on the location of the solution.

These advantages are obtained, since we use the more precise center-Lipschitz
condition instead of the Lipschitz condition for the computation of the upper
bounds on the norms ||F’(a:fL’a)_1H (see (C3) and (C4) in Section 3). We also
study the semilocal convergence of the simplified Newton-Tikhonov method
(SNT) defined by

(17> x(TSL-I-l,a - xfl,oz - F,(xg,a)_l(F(x(s ) - Zi)? xg,a = Zo-

n,o

(SNT) method is used as predictor for (NT) method since the former converges
under weaker sufficient convergence criteria than the latter.
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The paper is organized as follows. Section 2 contains results on scalar
sequences that are majorizing for (NT). Sections 3 and 4 contain respectively,
the semilocal convergence of (NT) and (SNT). The applications are given in
the concluding Section 5.

2. MAJORIZING SEQUENCES

We present auxiliary results on scalar sequences which shall be shown to be
majorizing for {xfl’a} in Section 3.

DEFINITION 2.1. Let Lg > 0,L > 0,b > 0 and n > 0. Define scalar se-
quences {r} .}, {s0 o}, {th.a} by

3bL0 (T(ls,a - 7,870[)2

1 1
T0q =0, Tio=T7, To,=T
0, 1, 2.« 1, 2(1 - bLOT(ls,a)
3bL0(r7§0+1 a 7’2 a)2
(2.8) P o =T 0t : 2 Vn=1,2,...,
T T
(2.9)
3bL(s? — 50 )2
6 ) é ) n+1,a n,o
S0 =0, 8io=1T, S =35 + , Yn=20,1,2,...,
0, 1, n+2,« n+1,« 2(1 _ bLOT;sH_La)
and
(2.10)
3bL(t0 . — 10 )2
tg,a = 07 tcls,a =T, tfH»Z,a = tfl+1,04 + ( ntla n7a) \V/’I’l = 07 17 27 e

2(1 — bLtgHﬂ) ’

Then, using a simple inductive argument we obtain the following result
where we compare the three scalar sequences.

ProprosITION 2.2. [I], [B]-[5] Suppose that Ly < L and
(2.11) 0 <g, Yn=01,2....

Then, the sequences {7“7‘1706}, {sg@} and {t}, .} are well defined, increasing and
converge to their unique least upper bounds r*,s*,t* which satisfy for v =

6L
3L4++/9L2+24 1oL’

* * * 1
(2.12) r<rt<sF <<
r* <7 =r+ W‘%,s* < 3 = liw and t* < t* < 2r. Moreover, the
following estimates hold for each n =1,2,...
(2.13) Tha < Sna < th o
and

) ) 1 1 1 1

(214) Tn—i—l,a - rn,a < Sn—i-l,a - Sn,a < 7fn—&—l,oz - tn,a'

Further more strict inequality holds in (2.13) and (2.14) if Lo < L.
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REMARK 2.3. It follows from (2.12)—(2.14) that if Ly < L sequence {9 ,}

is the least tight. This sequence is a majorizing for {a:fm} (cf. [I7, Theorem
3.3]).
Next we present results respectively for {t ,},{s} .}, {rd o}

LEmMMA 2.4. [1L 4] Suppose that
(2.15) h=4Lbr < 1.

Then, sequence {ti,a} is increasing convergent to t*. The convergence is linear
if h =1 and quadratic if h < 1.

LEMMA 2.5. [3, Lemma 2.1] Suppose that
(2.16) hy = g(sL +4Lo + /9L2 + 24L0L)r <1.

Then, {sfw} is increasing convergent to s*. The convergence is linear if hy = 1
and quadratic if hy < 1.

LEMMA 2.6. [4] Suppose that

(2.17) hy = 3(4L0 +1/3LoL + 8L2 + 3L0L>r <1

Then, {ri}a} 18 increasing convergent to r*. The convergence s linear if hy =1
and quadratic if ho < 1.

We also have the following generalization of Lemma [2.6

LEMMA 2.7. [4] Suppose that there exists a minimum integer N > 1 such
that Tga(i =0,1,...,N —1) given by l} are well-defined,

(2.18) Mo <TMiie<gm =01,...,N-2
Then, the following assertions hold
(2.19) bLory o < 1,
(2.20) N < g5 (1= (1= bLo)rX147)
and
021 = R~ ) PolRea )
2(1 = bLorlyyy o) 1 —bLorYy

REMARK 2.8. (a) Lemma reduces to Lemma if N = 2 (see also
Remark 2.5 in [4]).
(b) It follows from (22.15)), (2.16)), (2.17) that

(2.22) h<l=h <1=hy<1

but not necessarily vice versa unless if Ly = L. Moreover, we have that

(2.23) %%i,%%()and Z—f—ﬂ)as Lo 0.
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Estimates (2.23)) show by how many times the applicability of the method is
expanded if weaker hqy or hy are used instead of h.
(c¢) Numerical examples where Ly < L can be found in [I]-[5].

3. SEMILOCAL CONVERGENCE OF (NT)

We present the semi-local convergence of {l’z’a} in this section. Let U(x,r)

and U (z,r) stand, respectively, for the open and closed ball in X with center
and radius r > 0. Let L(X,Y") stand for the space of bounded linear operators
from X into Y. We assume throughout this section that the following (C')
conditions hold:

(Cl) F: D(F)C X —Y is Frechet differentiable
(C2) There exists xg € D(F) such that F'(x¢)~! € L(Y, X) and
1F" (o) M < b

(C3) There exists Ly > 0 such that F’ satisfies the center-Lipschitz condi-
tions

|7 (2) = F'(xo)|| < Lol — ol

holds for all x € D(F).

(C4) There exists L > 0 such that F’ satisfies the Lipschitz condition
I (z) = F'(y)|l < Lll -y

holds for all  and y in D(F).
(C5) [|F" (o) ™" (F(wo) — 22)|l <7
(C6) he =bLor <1, where Ly = 2(4Lo + /3LoL + 8L% + \/3LoL) and
(C7) U(x,r*) C D(F), where r* is defined in (2.12)).

We present the following semi-local convergence result for {xfw}.

THEOREM 3.1. Suppose that the conditions (C1)—(C7) hold. Then, the se-
quence {a:fla} generated by (NT) is well defined, remains in U(xg,r*) for all

n >0 and converges to some x5 € U(xg,r*) such that F(z%) = z5. Moreover,
the following estimates hold for eachn=10,1,2...

19 ) 1) )
(324) ||xn+1,a - xn,a” < TnJrl,oz - Tn,a
and
1) é
(3.25) 125110 = zall <77 =754

Proof. We use mathematical induction to prove that

1) 1) 1 1)
(326) ka—l—l,a - xk,a” < Tk+1,0 — Tk,a
and
(3.27) U2 q 00 = Thira) S U@L =104 o)
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for each £k =0,1,2,.... Let v € U(m‘ia,r* — 7"15’&). Then, we obtain

é é § 6
lo =250l < llv =270l + 1270 — 25l

< rt— T?,a + r(1$,oz - Tg,oz
= - Tg,oz
which implies v € U(azg’a, Tt — rg’a). Note also that
6 0 6 \— é 6
29,0 = 20l = I1F (200) " (F(20,4) = 20l

< r= r‘lsﬂ — r&a.

Hence, estimates ([3.26)) and (3.27)) hold for & = 0. Suppose that these estimates
hold for n < k. Then, we have that

k+1
) s ) B
H$k+1,a - xO,a” < Z ||xza - xifl,a”
i=1

k+1
d
< Z(Tz,a —Ti a)
i=1
1 *
S Tifla ST

and

1) 1) 1) ) & § é )
ka,a + e(karl,a - xk,a) - xO,a” < rk:,a + H(rkJrl,a - rk,a) - rO,a < r*
for each 6 € [0, 1].

Using (C3), Lemmas (see also Lemma 2.1 in [3]) and the induction
hypotheses we get

1 1 () 1
HF/(anrl,a) - F,(fﬂo,a)H < LOH‘karl,a —Z0,a ‘
< LO(Tg—&-l,a - Tg,a)

§
(3.28) < Lotpiiae <3

It follows from (3.28]) and the Banach Lemma on invertible operators [1], [5]
that F'(29,, ,)~" € L(Y,X) and

b
|1F (20 410) 7 <
Tl 1-— bLOHxi+1,a - xg@“
b

(3.29)

S 5 5\
1= bLo(r}i1,4 — T00)

)

Using (NT) we obtain the approximation

1) 1) 1) 19 1) 1) 19
F(Ik—i-l,a) —Za = F/(xk;—&—l,a)(xk—f—l,a - xk,a) + F($k+1,a) - F(ajk,a)

(330) +[F/(xi,a) - F/(xi+1,a)]??(x2+l,a - l‘i,a)-
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In view of (C4), (2.8)), (3.30)), (C3) for £ = 0 and the induction hypotheses we
get

|2 + LHxi—s—l,a - xi,a”2
‘2

é ) 1 )
||F(xk+1,oz) - Zcx” < %ka—l—l,a - :Ek:,oa
1) 1
= %ka+1,a - mk,a
) §
(3.31) < %(Tk-f-lpz - Tk,oc)Q‘

Moreover, by (NT), (2.8), (3.29) and (3.31]) we get that

|25 12,0 = Thirall < IF (@h1,0) " IF (R4 0) — 20l
b 3L (.0 6 \2
< 1—bLO(7’2+1,a_Tg,a) T(Tk+1’a B rk,a)

1) 1)
rk+2,a - rk,a

which completes the induction for (3.26]). Furthermore, let

w e U(xiﬁya,r* - 7“2+2’a). Then, we have that

5 5 5 5
Jw—=ahi1all < Nlw—2pi00ll + 120100 — Thirall
5 5 5
< = Thioa T Thio10 — Thila

_ * )

That is w € U(x,, ,,7* — Tz+1 o). Lemma %| implies that {r¢  } is a com-

plete sequence. It then follows from (3.26) and (3.27) that {xi o) is also
complete sequence in the Hilbert space X and as such it converges to some
20 € Ulxo,r*) (since U(xo,r*) is a closed set). By letting k — oo in (3.31)
we obtain F(29) = z0. Estimate (3.25) is obtained from (3.24) by using stan-
dard majorization techniques [I], [5], [I5]. The proof of the Theorem is com-
plete. O

» I'mya
orem 3.3 in [I7] (with corresponding changes). Otherwise, i.e., if Ly < L, ac-
cording to Section 2 it constitutes an improvement with advantages as stated
in the introduction of this study.

(b) Upper bounds on r* and s* in terms of Lg, L,b and n have been given
in [1], [3]-[5] (see also (2.12)). these bounds are given in closed form and can
certainly replace r* in (C7).

(c) Note that Ly < L holds in general and LLO can be arbitrarily large [,

31-15].

The rest of the results in [16] can be improved along the same lines by
simply using, respectively, 7*, Lo instead of t*, L. In order for us to make the
paper is self contained as possible we present the proof of one of them and for
the proof of the rest we refer the reader to [16].

REMARK 3.2. (a) If Lo = L) , = tJ , then Theorem [3.1| reduces to The-
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PROPOSITION 3.3. Suppose that (2.17), (C3) and (C4) hold. Moreover,
suppose that

(3.32) |lzg —2™|| <75 <r< ﬁ =X
and

(3.33) U(xo, o) C D(F).

Then, the following assertion holds:

(3.34) lz* — 20| < T | F () — 2ol

Proof. Using (C3) (instead of (C4)) used in [16], we get that

lz* =2l = |la* —ad + F'(x0) "' [F(2}) — F(z*) + F(«*) = 2]|
< F (o) M F (o) (2 — &) — (F(2*) — F(22))]]
[ F (o) T [F(2*) = 2]
< bLor||a* — @ || + bl|F (z*) — 2.
which shows (3.34]). The proof of the proposition is complete. O

The following is a consequence of Theorem and Proposition [3.3

COROLLARY 3.4. Suppose that hypotheses of Theorem [3.1, 7 < r and
bLor < 1 hold. Then, the following assertion holds
||$ - xn,a” < ﬁbLorHF(x ) - Za” +r = Tn,a
for eachn=0,1,2,....
REMARK 3.5. if Ly = L Proposition [3.3] and Corollory [3.4] reduce to the

corresponding ones in [16]. Otherwise, i.e., Ly < L our results constitute an
improvement.

4. SEMILOCAL CONVERGENCE OF (SNT)

We present the semilocal convergence of (SNT).

THEOREM 4.1. Suppose that (C1)—(C3), (C5) hold. If, in addition,
(CS) ho = TbLoT‘ <1
and
(C9) Ulzo, p) € D(F), where p = =400,
then, sequence {:E%a} generated by (SNT) is well defined, remain in U(xo, p)
for all n > 0 and converges to some x5 € U(xg, p) such that F(23) = 29.

[e%
Moreover the following estimate hold for each n =0,1,2,...

) 6 1) )
Hxn+2,o¢ - mn—f—l,a” < qH:Un—i-l,a - xn,ozH
and

) 1) "
Hxn,a - 'rozH < %7

where g =1 — /1 — hy.
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Proof. Let us define operator T' on U (zg, p) by
T(x) =z — F'(x0) " (F(x) - 2).

Then, we shall show T is a contraction on U(zg, p) and maps U(xg, p) into
itself. Indeed, we have that for x,y € U(zo, p)

T(z) = T(y) = @—y—F(xo)  (Fz) = 2) + F'(z0) " (Fly) - 23)
—F'(20)" (F(z) — F(y) — F'(z0)(z — y))

and

1F" (o) ™ (F(z) — F(y) — F'(z0)(x — y))]|
bLopllz — yl|-

1T () = T(y)ll

IN

But, we have bLop < 1. Hence, T is a contraction operator. Let x € U(xg, p).
Then, we have that

T(x) —xo=T(x) —T(x0) + T (x0) — 0

and
IT(x) = zol| < [T(x) = T(wo)ll + IT(x0) — ol
_ bLop® _
= 5i, "
by the choice of p. The proof of Theorem is complete. U

REMARK 4.2. (a) More subtle arguments show that hy < 1 can be replaced
by ho <1 (see [1I, [3]).

(b) We have that h® = 2bLr < 1 = hg < 1 but not vice versa even if Ly = L.
Moreover, we have that 2—8 — 0 as % — 0. Note that the k" condition was
given in [I7]. Therefore method (SNT) can be used as a predictor until a
certain finite iterate NN such that h < 1 holds for 3:?\,’ o» being the initial point
of method (NT). Such an approach has been used by us in [2] for modified
Newton and Newton’s method.

5. APPLICATIONS

Let us consider the nonlinear Hammerstein operator equation (c.f. [28])

1
(MFa)(t) = /0 m(s, p(s, o(s))z(s)ds

where m is continuous and p is differentiable with respect to the second vari-
able. Define F': D(F) = H(]0,1[) — L*(J0,1]) by

F(z)(s) = p(s,z(s)), se€]0,1]
and M : L*(]0,1[) — L*(]0,1]) by

1
Mu(t) :/0 m(s,t)u(s)ds, te|0,1].
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Then, F is Frechet differentiable and we have that
[F'(x)]u(t) = op(t, z(8))u(t), t €0, 1].

If in addition M; : H'(]0, 1) — H(]0, 1]) is defined by (M;x)(t) := dap(t, x(t))
is locally Lipschitz continuous, one can compute the required constants L
and L. If we further assume the existence of a constant x1 > 0 such that
Oop(t, x(t)) > Ky for all t € [0,1] and z(t) € U(xg,r*), then F'(x)~! exists and
is bounded operator.

Equation (1.2)) is equivalent to
(5.35) M[F(x) — F(a0)] = y — MF(x)
where g, is an initial guess. Therefore the solution x of ([1.2]) is obtained by
first solving
(5.36) Mz =y — KF(x)
for z and then solving
(5.37) F(x) =z 4 F(x)

for x € D(F). Let a > 0, 6 > 0 be fixed. Then, we consider the regularized
solution of (5.36)) with %° in place of y as

(5.38) Zo= (M +al)"!(y* — MF(x0)) + F (o)
if case M in ([5.36) is positive self adjoint and Z =Y. Otherwise, we set
(5.39) 20 = (M*M 4 oI)"*M*(y° — MF(z0)) + F(z0).

Note that (5.38)) is the simplified or Lavrentiev regularization of equation

(5.36) and (5.39) is the Tikhonov regularization of ([5.36)).

With these choices of operators the rest of the results in [16] involving (SNT)
type methods (i.e., using L instead of L) can be improved.

PROPOSITION 5.1. Suppose zg is given by (5.39) and
IF(z0) = F(@*)| + 2= < % < 515+
Then, the following assertion holds
|lzo — ™| < 7" <r< ﬁ
REMARK 5.2. (a) If Ly = L Proposition [5.1| reduces to Remark 3.4 in [16].
Otherwise, Proposition improves Remark 3.4 in [16].
(b) The rest of the results in the literature (see, e.g. [I3]-]20]) can be

extended by simply using (C3) instead of (C4). Note also that there are
examples where (C3) holds but not (C4).

REMARK 5.3. Hereafter we consider z) as the Tikhonov regularization of
(5.36)) given in ([5.39). All results in the forthcoming sections are valid for the

simplified regularization of (5.36]).
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In view of the estimate in the Corollory the next task is to find an
estimate ||F(2*) — 2 ||. For this, let us introduce the notation;

20 1= F(x0) + (M*M + o) "' M*(y — M F(x)).
We may observe that

IF(*) =20l < IF(@*) = zall + 20 — 22
(5.40) < IIF(SE*)—ZaIIﬂL%,
and

F(z*) — 2o = F(2*) = F(x0) — (M*M +al) "' M*M[F(2*) — F(20)]
= [I— (M*M + o) 'M*M][F(z*) — F(x0)]
(5.41) = o(M*M + ol) " [F(z*) — F(xp))].
Note that for u € R(M*M) with u = M*Mz for some z € Z,
la(M*M + aI) || = |ja(M*M + o) "M*Mz|| < aljz|| — 0

as a — 0. Now since ||[a(M*M + aI)~|| <1 for all a > 0, it follows that for
every u € R(M*M), ||a(M*M + aI) ‘ul| — 0 as @ — 0. Thus we have the
following theorem.

THEOREM 5.4. If F(z*) — F(x0) € R(M*M), then |F(z*) — zo|| — 0 as
a — 0.

5.1. Error bounds under source conditions. In view of the above theorem,
we assume that

(5.42) [1F(z%) = zal| < ¢(a)
for some positive monotonic increasing function ¢ defined on (0, |[M|?] such
that
li A) =0.
limp(A)
Suppose ¢ is a source function in the sense that x* satisfies a source condi-
tion of the form

F(z*) — F(x0) = p(M*"M)w, [|w] <1,
such that

(5.43) sup 22 < o(a),
0<A<|| M2

then the assumption ([5.42)) is satisfied. Note that if F'(x*)—F(z¢) € R((M*M)"),
for some v with, 0 < v < 1, then by (5.41)

1F(2*) = zall < fla(M*M +al)™H(M*M)"w]

< sup lwl] < a”flw]-

T o mA Fa
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Thus in this case p(\) = ﬁ satisfies the assumption 1) Therefore by
(5.40) and by the assumption (5.42), we have

(5.44) 1F () = 22 < ) + J=

So, we have the following theorem.

THEOREM 5.5. Under the assumptions of Comllary and (5.44]),

6 ) 1
H‘/L‘* - xn,a” < ﬁbf{o’r‘((p(a) + ﬁ) +7rt = Tn,a:

5.2. A priori choice of the parameter. Note that the estimate <,0(oz)+% in
5.43)) attains minimum for the choice a := a5 which satisfies p(as) = \/%. Let

P(A) == A/ 1(N),0 < X < ||M|]%. Then we have § = \/agp(as) = ¥(p(as)),

and
(5.45) as =~ (¥7H(9)).
So the relation (5.44) leads to
IF(2") = zall < 2071(6).
Theorem [5.5] and the above observation leads to the following.

THEOREM 5.6. Let 1p(\) := A/ 1(N),0 < A < ||K||? and the assumptions
of C’orollary and (5.42) are satisfied. For § > 0, let ag = @=L (p=1(5)). If

ng 1= min {n st — rfm) < V%}’

then
l|lx* — 20 | = O(w_l(é)), as 6 — 0.

as,ns

5.3. An adaptive choice of the parameter. The error estimate in the above
Theorem has optimal order with respect to d. Unfortunately, an a priori param-
eter choice cannot be used in practice since the smoothness properties
of the unknown solution Z reflected in the function ¢ are generally unknown.
There exist many parameter choice strategies in the literature, for example
see [6], [11], [12], [18], [19], [31] and [33].

In [26], Pereverzev and Schock considered an adaptive selection of the pa-
rameter which does not involve even the regularization method in an explicit
manner. In this method the regularization parameter «; are selected from some
finite set {a; : 0 < ap < a1 < ... < an} and the corresponding regularized
solution, say ugl are studied on-line. Later George and Nair [20] considered
the adaptive selection of the parameter for choosing the regularization parame-
ter in Newton-Lavrentiev regularization method for solving Hammerstein-type
operator equation. In this paper also, we consider the adaptive method for
selecting the parameter « in azg’n. The rest of this section is essentially a
reformulation of the adaptive method considered in [26] in a special context.



13 Newton-Tikhonov method for ill-posed equations 153

Let i € {0,1,2,...,N} and a; = p*ag where > 1 and og = 62. Let

5.46 l:=max7: olay) < L_ and
2 Vo
(5.47) k :=max {i : Hzgl — ngH < %,j =0,1,2,...,i}.

The proof of the next theorem is analogous to the proof of Theorem 1.2 in
[26], but for the sake of completeness, we supply its proof as well.

THEOREM 5.7. Let ! be as in , k be as in and zgk be as in

with o« = a. Then | < k and
1F(@*) = 23,1l < 2+ 225) ™ (6).
Proof. Note that, to prove [ < k, it is enough to prove that, fori=1,..., N
1 1 .
go(ai)gx/%:\\zai—zajﬂg%, Vj=0,1,2,...,1

For 5 <4,
120, = 20,1l < 25, = F@)Il + | F(&) — 25,
) )
< ‘P(O‘i) + Va; + QO(OZJ') + NG
< 2w

vai e = /agr
This proves the relation ! < k. Now since /a1, = p'"+/ay, by using triangle
inequality successively, we obtain

k
IF(@) =20, < IF@*) =21+ Y
j=l+1
k—1—1
< F@) -+ Y
m=0
< F@) - 2 + ()L
Therefore by ([5.43) and (5.46|) we have
1) = 20,1 < wlaa) + o + (GE) 78 < 2+ )y (0).
The last step follows from the inequality /a5 < /o1 < ,u,\/oTl and Jas =
1~1(8). This completes the proof. O

5.4. Stopping Rule. Note that
co =230 — zoll = |F' (o) (M*M + aI) "' M*(y* — MF(x0))|
1F" (20) ™ (M*M + al) "' M*(y* —y +y — MF(x0))|
b(|(M*M + o)™ M*(y° = y)|
H[(M*M + ) "' M* M (F (&) — F(o))|])

IN
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< b(w+ =),
so if
(5.48) b(w + %) < 5

and r* < r. Then hypotheses of Theorem hold. Again since o = ©252,
0 — 1,7k the condition (5.48) with oo = «y, takes the form

==
(5.49) b(w + 25) < 515
and r* < r. Then, we have arrived at the algorithm which guarantees
2% = 29, 0l = O (8)), as § =0
with ng = min{n : 7* — be,a < puJ,j=1,2,...,i — 1} and improves the

corresponding one in [16].

5.5. Algorithm: Note that for 7,5 € {0,1,2,...,n}

123, = 20, = (@) — @) (M*M + oy )™ (MM + auI) ™ M* (5 — MF(a0)).
Therefore the adaptive algorithm associated with the choice of the parameter
specified in the above theorem is as follows.
begin
i=0
repeat
i=i+l
Solve for w;: (M*M + o;I)w; = M*(y® — MF(x0))
j=-1
repeat
j=j+1
Solve for z;;: (M*M + a;1)z;; = (aj — o) w;
until (||z;]] < 4p~7AND j < i)
until (||z;] <4p™7)

k=i-1.
m=0
repeat
m=m+1
until ((r* = 7d,,) > %)
nEg =m !

for 1=1 to ng
Solve for w_: F'(zf | o) U—1 = F(z? o) ~ 2

0 . 0

xl,ak T xl—l,ak. — U1

end
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6. NUMERICAL EXAMPLE

In this section we consider a example for illustrating the algorithm men-
tioned in the above section.

EXAMPLE 6.1. In this example we consider the operator K F : L?(0,1) —
L?(0,1) where K : L?(0,1) — L?(0,1) defined by

1
K(z)(t) :/0 k(t,s)z(s)ds
and F : D(F) C H*(0,1) — L*(0,1) defined by

1
P i= [ kit s)ul(s)ds,
0
where ( )
1—-1)s5,0<s<t<1
k(t,s)—{ (1—-9)t,0<t<s<1

The Fréchet derivative of F' is given by

1
F'(uw)w = 3/0 k(t, s)(u(s))*w(s)ds.

In our computation, we take f(t) = ﬁ(% - % +2L) and f0 = f+ 6 with
6 = 0.01. Then the exact solution
&(t) =13
We use
zo(t) =17 + 2 (t — %)
as our initial guess. The results of the computation are presented in Table

n k oy en ﬁ%))
64 4 0.0011 0.5257 5.2541
128 4 0.0011 0.5234 5.2331
256 4 0.0011 0.5222 5.2216
512 4 0.0011 0.5216 5.2156
1024 4 0.0011 0.5211 5.2126
2048 4 0.0011 0.5211 5.2110
4096 4 0.0011 0.5210 5.2102

Table 1. Iterations and corresponding Error Estimates of Example

REMARK 6.2. We have considered an iterative regularization method, which
is a combination of Newton iterative method with a Tikhonov regularization
method, for obtaining approximate solution for a nonlinear Hammerstein-type
operator equation M F(x) = y, with the available data 3° in place of the exact
data y. If the operator M is a positive self-adjoint bounded linear operator
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on a Hilbert space, then one may consider Newton Lavrentiev regularization
method for obtaining an approximate solution for M F'(x) = y. It is assumed
that the Frechet derivative F’(x) of the non-linear operator F has a continuous
inverse, in a neighborhood of some initial guess xg of the actual solution x*.
The procedure involves solving the equation

(M*M + od)ud, = M*(y° — MF(x))
and finding the fixed point of the function
G(x) = o — F'(2)" (F(x) — F(wo) — u)

in an iterative manner. For choosing the regularization parameter a and the
stopping index for the iteration, we made use of the adaptive method suggested
in [26]. O

REFERENCES

[1] I.LK. ARGYROS, Convergence and Application of Newton-type Iterations, Springer, 2008.

[2] | I.LK. ARGYROS, Approzimating solutions of equations using Newton’s method with a
modified Newton’s method iterate as a starting point, Rev. Anal. Numér. Théor. Approx.,
36 (2007), pp. 123-138. [2

[3] LK. ARGYROS, A Semilocal convergence for directional Newton methods, Math. Comp.
80, (2011), pp. 327-343. [2

[4] | I.LK. ARGYROS and S. HiLouT, Weaker conditions for the convergence of Newton’s
method, J. Complexity, 28, (2012), pp. 364-387. [

[6] LK. ArRGYROS, Y.J. CHO and S. HiLouT, Numerical Methods for Equations and its
Applications, CRC Press, Taylor and Francis, New York, 2012.

[6] | A. BAKUSHINSKY and A. SMIRNOVA, On application of generalized discrepancy principle
to iterative methods for nonlinear ill-posed problems, Numer. Funct. Anal. Optim. 26
(2005), pp. 35-48. &

[7] | A. BINDER, H.W. ENGL, and S. VESSELA, Some inverse problems for a nonlinear
parabolic equation connected with continuous casting of steel: stability estimate and
regularization, Numer. Funct. Anal. Optim., 11 (1990), pp. 643-671. [

[8] H.W. ENGL, M. HANKE and A. NEUBAUER, Tikhonov regularization of nonlinear dif-
ferential equations, Inverse Methods in Action, P.C. Sabatier, ed., Springer-Verlag, New
York 1990, pp. 92-105.

[9] | H'W. EncGL, K. KuniscH and A. NEUBAUER, Convergence rates for Tikhonov reg-
ularization of nonlinear ill-posed problems, Inverse Problems, 5 (1989), pp. 523-540.
[z

[10] C.W. GROETSCH, Theory of Tikhonov Regularization for Fredholm Equation of the First
Kind, Pitmann Books, London, 1984.

[11] | C.W. GROETSCH and J.E. GUACANEME, Arcangeli’s method for Fredhom equations of
the first kind, Proc. Amer. Math. Soc. 99 (1987), pp. 256-260. 2

[12] J.E. GUACANEME, Aparameter choice for simplified regularization, Rostock. Math. Kol-
loqg., 42 (1990), pp. 59-68.

[13] | S. GEORGE, Newton-Tikhonov regularization of ill-posed Hammerstein operator equa-
tion, J. Inverse Ill-Posed Probl., 14 (2006), no. 2, pp. 135-146. 2

[14] | S. GEORGE, Newton-Lavrentiev regularization of ill-posed Hammerstein type operator
equation, J. Inverse Ill-Posed Probl., 14, (2006), no. 6, pp. 573-582. 2


http://ictp.acad.ro/jnaat/journal/article/view/2007-vol36-no2-art2
http://ictp.acad.ro/jnaat/journal/article/view/2007-vol36-no2-art2
http://ictp.acad.ro/jnaat/journal/article/view/2007-vol36-no2-art2
http://dx.doi.org/10.1090/S0025-5718-2010-02398-1
http://dx.doi.org/10.1090/S0025-5718-2010-02398-1
http://dx.doi.org/10.1016/j.jco.2011.12.003
http://dx.doi.org/10.1016/j.jco.2011.12.003
http://dx.doi.org/10.1081/NFA-200051631
http://dx.doi.org/10.1081/NFA-200051631
http://dx.doi.org/10.1081/NFA-200051631
http://dx.doi.org/10.1080/01630569008816395
http://dx.doi.org/10.1080/01630569008816395
http://dx.doi.org/10.1080/01630569008816395
http://dx.doi.org/10.1088/0266-5611/5/4/007
http://dx.doi.org/10.1088/0266-5611/5/4/007
http://dx.doi.org/10.1088/0266-5611/5/4/007
http://dx.doi.org/10.1090/S0002-9939-1987-0870781-5
http://dx.doi.org/10.1090/S0002-9939-1987-0870781-5
http://dx.doi.org/10.1515/156939406777571076
http://dx.doi.org/10.1515/156939406777571076
http://dx.doi.org/10.1515/156939406778474550
http://dx.doi.org/10.1515/156939406778474550

17

Newton-Tikhonov method for ill-posed equations 157

[15]

[16]

[17]

18]

[19]

[20]

21]
[22]

[23]

[24]
[25]

[26]

[27]

[28]

[29]

[30]

[31]

S. GEORGE and A.l. ELMAHDY, A quadratic convergence yielding iterative method for
nonlinear ill-posed operator equations, Comput. Methods Appl. Math. 12, no. 1 (2012),
pp. 32-45. @

S. GEORGE and M. KUNHANANDAN, An iterative reqularization method for Ili-posed
Hammerstein type operator equation, J. Inverse Ill-Posed Probl., 17 (2009), pp. 831-844.
K]

S. GEORGE and M. KUNHANANDAN, [terative regularization methods for ill-posed Ham-
merstein type operator equation with monotone nonlinear part, Int. J. Math. Anal., 4
(2010), no. 34, pp. 1673-1685.

S. GEORGE and M.T. NAIR, An a posteriori parameter choice for simplified requlariza-
tion of ill-posed problems, Integral Equations Operator Theory, 16 (1993), pp. 392-399.
K
S. GEORGE and M.T. NAIR, On a generalized Arcangeli’s method for Tikhonov regular-
ization with inexact data, Numer. Funct. Anal. Optim., 19 (1998), (nos. 7-8), pp. 773—
787. 12
S. GEORGE and M. T. NAIR, A modified Newton-Lavrentiev regularization for nonlinear
ill-posed Hammerstein- Type operator equation, J. Complexity, 24 (2008), pp. 228-240.
2

M. HANKE, A. NEUBAUER and O. SCHERZER, A convergence analysis of Landweber
steration of mnonlinear ill-posed problems, Numer. Math., 72 (1995), pp. 21-37. @

JIN QI-NIAN and HOU ZONG-Y1, Finite-dimensional approzimations to the solutions of
nonlinear ill-posed problems, Appl. Anal., 62 (1996), pp. 253-261. [2

JIN QI-NIAN and HOU ZONG-YI, On an a posteriori parameter choice strategy for
Tikhonov regularization of nonlinear ill-posed problems, Numer. Math., 83 (1999),
pp- 139-159. 2
L.V. KANTOROVICH and G.P. AKILOV, Functional Analysis in Normed Spaces, Perga-
mon Press, New York, 1964.

B.A. MAIR, Tikhonov regularization for finitely and infinitely smoothing operators,
SIAM J. Math. Anal., 25 (1994), pp. 135-147. @

S. PEREVERZEV and E. SCHOCK, On the adaptive selection of the parameter in reqular-
ization of ill-posed problems, STAM J. Numer. Anal., 43 (2005), no. 5, pp. 2060—2076.
R
O. SCHERZER, A parameter choice for Tikhonov regularization for solving nonlinear
inverse problems leading to optimal rates, Appl. Math., 38 (1993), pp. 479-487.

O. SCHERZER, H.W. ENGL and K. KUNISCH, Optimal a posteriori parameter choice
for Tikhonov regqularization for solving nonlinear ill-posed problems, STAM J. Numer.
Anal., 30 (1993), no.6, pp. 1796-1838. [

O. SCHERZER, The use of Tikhonov reqularization in the identification of electrical
conductivities from overdetermined boundary data, Results Mathematics, 22 (1992),
pp. 599-618.

O. SCHERZER, H.W. ENGL and R.S. ANDERSSEN, Parameter identification from bound-
ary measurements in parabolic equation arising from geophysics, Nonlinear Anal., 20
(1993), pp. 127-156. 2
T. RAUS, On the discrepancy principle for the solution of ill-posed problems, Uch. Zap.
Tartu. Gos. Univ., 672 (1984), pp. 1626 (In Russian).


http://dx.doi.org/10.2478/cmam-2012-0003
http://dx.doi.org/10.2478/cmam-2012-0003
http://dx.doi.org/10.2478/cmam-2012-0003
http://dx.doi.org/10.1515/JIIP.2009.049
http://dx.doi.org/10.1515/JIIP.2009.049
http://dx.doi.org/10.1515/JIIP.2009.049
http://dx.doi.org/10.1007/BF01204229
http://dx.doi.org/10.1007/BF01204229
http://dx.doi.org/10.1007/BF01204229
http://dx.doi.org/10.1080/01630569808816858
http://dx.doi.org/10.1080/01630569808816858
http://dx.doi.org/10.1080/01630569808816858
http://dx.doi.org/10.1016/j.jco.2007.08.001
http://dx.doi.org/10.1016/j.jco.2007.08.001
http://dx.doi.org/10.1016/j.jco.2007.08.001
http://dx.doi.org/10.1007/s002110050158
http://dx.doi.org/10.1007/s002110050158
http://dx.doi.org/10.1007/10.1080/00036819608840482
http://dx.doi.org/10.1007/10.1080/00036819608840482
http://dx.doi.org/10.1007/s002110050442
http://dx.doi.org/10.1007/s002110050442
http://dx.doi.org/10.1007/s002110050442
http://dx.doi.org/10.1137/S0036141092238060
http://dx.doi.org/10.1137/S0036141092238060
http://dx.doi.org/10.1137/S0036142903433819
http://dx.doi.org/10.1137/S0036142903433819
http://dx.doi.org/10.1137/S0036142903433819
http://dx.doi.org/10.1137/0730091
http://dx.doi.org/10.1137/0730091
http://dx.doi.org/10.1137/0730091
http://dx.doi.org/10.1016/0362-546X(93)90013-I
http://dx.doi.org/10.1016/0362-546X(93)90013-I
http://dx.doi.org/10.1016/0362-546X(93)90013-I

158 Toannis K. Argyros and Santhosh George 18

[32] | E. SCHOCK, On the asymptotic order of accuracy of Tikhonov regularization, J. Optim.
Theory Appl., 44 (1984), pp. 95-104. [

[33] | U. TAUTENHAHN, On the method of Lavrentiev regularization for monlinear ill-posed
problems, Inverse Problems, 18 (2002), pp. 191-207. 3

Received by the editors: February 16, 2013.
Published online: January 23, 2015.


http://dx.doi.org/10.1007/BF00934896
http://dx.doi.org/10.1007/BF00934896
http://dx.doi.org/10.1088/0266-5611/18/1/313
http://dx.doi.org/10.1088/0266-5611/18/1/313

	1. Introduction
	2. Majorizing Sequences
	3. Semilocal Convergence of (NT)
	4. Semilocal convergence of (SNT)
	5. Applications
	5.1. Error bounds under source conditions
	5.2. A priori choice of the parameter
	5.3. An adaptive choice of the parameter
	5.4. Stopping Rule
	5.5. Algorithm:

	6. Numerical Example
	References

